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ABSTRACT 


Theory of matroids and submodular functions has played a significant role in the de- 
velopment of theory of Combinatorial Optimization. To cover a variety of combinatorial 
optimization problems which failed to have the matroidal or submodular structures, gen- 
eralised matroids, pseudomatroids, ditroids and bisubmodular systems got introduced. In 
this thesis an attempt has been made to extend the theory and applications of ditroids and 
bisubmodular systems further. Polyhedral structures of a bisubmodular polyhedron have 
been studied in details and it has been shown that for all special cases of the bisubmod- 
ular system the corresponding results can be obtained from these. All integer vectors of 
a bisubmodular polyhedra with (0,±1) extreme points have been shown to satisfy the 2- 
augmentation property and we call them ‘Greedy System’. Ditroids are greedy systems. 
The membership problem for the bisubmodular polyhedron has been shown to be equiva- 
lent to a bisubmodular function minimization and it is suggested that an existing pseudo 
polynomial algorithm for submodular polyhedra can be extended to solving the membership 
problem for the bisubmodular polyhedron. Lastly a few directions for future work have been 


given. 
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Chapter 1 


INTRODUCTION 


1.1 Introduction and Literature Survey 


It has been established beyond doubt that the theory of matroids and submodulax functions 
has played a significant role in the development of theory of Combinatorial Optimization. 

Matroids were first introduced in 1930s but their applications to combinatorial optimiza- 
tion began with Rado’s and Edmond’s work, much later. 

By generalising the matroid axioms, it was possible to introduce subset systems which 
had the greediness property, but were not matroids. These are delta-matroids [6] or pseudo- 
matroids [7], generalised polymatroids [22], symmetric matroids etc. Oriented matroids [3] 
gave a ridier abstraction of vector spaces over ordered fields, than matroids. 

Edmonds in his pioneering paper in 1970 [15] introduced submodulax functions and the 
submodulax polyhedra. In particular the matroid polyhedron is a submodulax polyhedron 
and the matroid rank function, a submodulax function on the subsets of the ground set E 
of the matroid. He showed that a submodular polyhedron has the total dual integrality 
property and in case the submodular function defining the polyhedron is integer valued then 
every extreme point of the polyhedron is an integer valued vector. Also the greedy algorithm 
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solves the LPP associated with a submodular polyhedron. 

Further research focused on finding the largest class of polyhedra which have the total 
dual integrality property and also the greedy property in a generalised sense. Some of these 
results are in [33], [37], [43], [47] and [51]. 

The membership problem for a submodular polyhedra is, given a vector a; € 3^^”, deter- 
mine whether it belongs to a submodular polyhedron Vj, and if not then, find the maximum 
violated inequality of Tf, and the submodular function imnimisation problem is, finding a 
subset X of E for which f{X) has the smallest value, are the other aspects of submodular 
theory which have been studied in [9], [10], [13], [37] and [50]. It has been shown that the 
membership problem for a submodular polyhedron and a submodular function minimisation 
are equivalent problems and polynomially solvable. 

Another aspect of submodularity theory which has been extensively studied is the poly- 
hedral structure of the submodular polyhedron. Faces, facets and extreme points on the 
submodular polyhedron have been defined and necessary and sufficient conditions for two 
extreme points to be adjacent have been given in [26], [31], [52] and [54]. 

Polyhedral structures of a generalised polymatroid have been analysed by Frank and 
Tardos in [24]. Polyhedral structures of a perfectly matchable subgraph poly tope, which is 
a pseudomatroid polyhedron, have been studied in [1] and [13]. 

In the direction towards generalising these results further, comes the theory of bisub- 
modular functions, bisubmodular polyhedra and jump systems. 

Given a finite ground set E, and a collection of disjoint pair of subsets D{E) = {(A, B) : 

A, B C £; and A n B = a function / : D{E) — . » U {oo}, is called bisubmodular if it 
satisfies for (A,B), (C,B) € D{E), 

f (A, B) + f{C, D) > f{A U C7/B U B, B U D/A UC) + f{AC\C,Bn D). 

Rank functions of a pseudomatroid and g-polymatroid are bisubmodular functions. The 
polyhedra associated with a bisubmodular function is a bisubmodular polyhedron. 
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Base polyhedra, the pseudomatroid polyhedra and the generalised polymatroid are all 
bisubmodular polyhedra. Various aspects of these bisubmodular polyhedra and the bisub- 
modular functions have been studied in [6], [14], [33], [42] and [43]. 

In his paper, ‘directed submodularity, ditroids and directed submodular flows’ [43], Qi 
generalised the concept of matroids to directed subsets i.e. to D{E), as defined earlier, and 
called them ditroids. Because the set relations and operations such as union and intersection 
are not the same for directed sets as for undirected sets, ditroids are a genuine generalisation 
of matroids. A fundamental difference between the two being that the maximal independent 
sets of a ditroid need not have the same cardinality. Qi also proved that the rank function 
of a ditroid is a bisubmodular function. 


1.2 Summary of the Thesis 

We now give a chapter wise sunamary of the thesis. 

In chapter two an attempt is made to see how far the results valid for matroids continue 
to be valid for ditroids. Some of the augmenting axioms for matroids have been extended 
to ditroids, and for two independent disets X, Y ol a, ditroid, such that lyi = |X[ -|- 1, we 
show that an augmenting path exists for X, with respect to Y. Some of the properties of 
the rank functions of a matroid have also been extended to the rank function of a ditroid. 

Circuit axioms for ditroids have been obtained and the dual of a ditroid has also been 
defined. 

Different operations on ditroids such as deletion, contraction, reflection and projection 
have been defined and it is shown that all these operations yield new ditroids. 

Composition of two ditroids is shown to yield a new ditroid and we also show that any 
ditroid can be decomposed into two matroids. 

Relationships between ditroids and other subset systems such as symmetric matroids 
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and oriented matroids have been established. We show that oriented matroids are self dual 
ditroids. Conforti and Laurent’s [8] characterization of matroidaJ system of inequalities has 
been extended to diaracterization of ditroidal system of inequalities. 

In chapter three, we are able to add another polyhedron, the degree sequence polytope 
to the list of bisubmodular polyhedron. We show that a bisubmodular polyhedron Vj is 
non-empty if and only if /(A, B) •+• /(J3, .4) > 0, for all (A, B) € B{E)^ and that / (^, ^) = 0 
is a sufficient condition for Vf to be non-empty. 

/ : D{E) — » is a finite valued bisubmodular function if, 

f{A,B) < oo, for all (A, B) € D{E). 

We define the generalised greedy algorithm (gga) for an LPP, associated with Vf for / finite 
valued and show that the gga solves the associated LPP. 

Solutions of LPP associated with the pseudomatroid polyhedra, g-polymatroid and the 
degree sequence polytope can be obtained by this generalised greedy algorithm. 

By the gga it can be shown that if for some € D{E)^ 

9{Yx,y2) = max{x(yi,y 2 ), x £ Vf} and = 0 

then g{Yi,Y 2 ) = /(ii,l 2 )» whenever / is finite valued. 

Total dual integrality of the bisubmodular polyhedron Vf has been established via the 
gga and in case / is integer valued, this implies that the LPP solutions associated with Vf 
will yield integer solutions. Qi [43] proves the TDI-ness of by a different method. 

In section 3.5.2, we define a Greedy System as the collection of all (0, ±1) vectors in a 
bisubmodular polyhedron with (0, ±1) extreme points. We show that greedy systems satisfy 
a 2-augmentation property - a generalisation of the 1-augmentation property of matroids. 
Greedy systems which are closed with respect to set inclusion, in the directed sense, are 

nothing but ditroids. We also prove the converse of this statement i.e., every ditroid is a 
greedy system. 
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Finally in section 3.5.3, we consider different ways of obtaining subsets of a greedy systems 
which also satisfy 2-SA. 

In the fourth and last chapter, we focus on the polyhedral structure of the bisubmodulax 
polyhedron. Faces and facets of V/ are defined and a necessary and sufficient condition 
for a diset inequality x{A,B) < f{A,B) to represent a facet of Vj, is given in terms of 
non-separability of (A, B) with respect to /. 

It is further shown that a facet of Vj is again a bisubmodulax polyhedron, and a facet of a 
ditroid polyhedron is again a ditroid polyhedron and a facet of a pseudomatroid polyhedron 
is also a pseudomatroid polyhedron. Facets of the degree sequence polytope, in our sense, 
reduce to the facets obtained by Peled and Srinivasan in [41]. 

Extreme points of Vj have been defined and a polynomial time algorithm to chedc if 
a given vector a: € is an extreme point of Vj is given. This algorithm yields the non- 
cancelling tight sets with respect to x and in case the number of independent tight sets is 
less than dim(P/), x is not an extreme point of Vf. 

Necessary and sufficient conditions for two extreme points to be adjax^nt on Vj have 
been given. Specialised characterizations of extreme points and adjacency for the ditroid 
polyhedron and pseudomatroid polyhedron have been obtained. Our results on characteri- 
zation of extreme points and adjacency for g-polymatroid and the degree sequence poly tope 
tally with the results obtained in [24] and [41] respectively. 

Throughout this chapter we point out that because the set of tight sets with respect to 
any x € 'P/ may form more than one distributive lattice, characterization of extreme points 
and adjacency is not very straight forward as it is for the submodular polyhedra. 

Finally we state and prove the min-max theorem for the bisubmodular polyhedron and 
then go on to show that the membership problem for P/ and a bisubmodular function 
minimization problem are equivalent. The existing algorithm in [2] for testing membership 
in a polymatroid could not be generalised to P/, since it seemed equally difficult to choose 
a starting feasible solution for the algorithm. However, we do point out that the algorithm 
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ia [50] should work for membership problem for Vf and hence for bisubmodulax function 
minimization, but it will be a pseudo-polynomial algorithm. 

1 . 3 Preliminaries 

In this section we define ‘what is a directed set’ and the various relations and operations 
among the directed subsets. Most of these definitions were given by Qi [43], [44]. 

Definition 1.3.1 

(i) Directed Set. Let jE be a finite set, with cardinality of E = |JE| = n. A directed 
set ( or diset ) X = (A’ljXj) of E is an ordered pair of disjoint subsets of E i.e XiQE and 
X 2 QE and nXj = <l>. Also we identify a diset X = Xj) of E with an n-dimensional 
{0, ±1} vector by letting for any eE E 

1 if e€Xi 
X(e) = ^ -1 if e € X 2 
0 otherwise. 

Let D{E) denote the collection of all directed subsets of E. We will also regard the elements 
of D{E) as the n-dimensional {0, ±1} cheuracteristic vectors, defined above. 

Suppose X = (XijXa) and Y = (1^,12) € D{E) and x € Since X and Y can be 
regarded as {0, ±1} vectors, we define, 

(ii) X = -y if Xi = Yi and Xj = Ki. 

(iii) X < y if Xi C y and X 2 D y 2 . 

(iv) Xu or u(X) =YlX (e)u(c). 

By (iii), D(£J) forms a lattice with the lattice operations join and meet defined as 

(v) X A y = (Xi n Yi, X2 u y2). 

(vi) X V y = (Xi u Yu Xi n yj). 
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We say. 




(vii) 

A C y if and 

only if Ai C y 

1 and A2 d Y2 

and 




(viii) 

A n y = (Ai 

ny„A2ny2) 

that is. 


\ 

1 if A(e) = 

K(e) = 1 


(X n y)(e) = -1 if X{e) = F(e) = -1 

I 0 otherwise. 

(ix) xuy = ((Xiuyi)/(X2UF2),(A:2ur2)/(XiUFi)) that is, 

1 if ^(e) + y(e) > 0 
{X U y)(e) = ^ -1 if X{e) + y(e) < 0 

[ 0 if X(e) + y(c) = 0 

(x) XI Y = (Xa/(yi u y2),X2/(yi u y2)) that is, 

1 if X{e) = 1 & y(c) = 0 
{X/Y){e) -1 if X{e) = -1 & y(e) = 0 

0 otherwise. 

Other definitions of XfY are possible, but we have found this definition quite useful. 

(xi) We say X and Y are intersecting if A” ^ y, y ^ X and Any ^ <f>. 

(xii) A and Y are said to be negatively intersecting, if A and —Y are intersecting. 
Where -y = (y2,ya). 

(xiii) A and Y are said to be algebraically intersecting, if they are intersecting or 
negatively intersecting. 

(xiv) A and Y are non-cancelling, if and only if A n(— y) = <f> = Y n(— A). Otherwise, 
A and y are cancelling. 

(xv) A = absolute (A) = Ai U A2, so we have, 

|A| = ]^=|AiUA 2 | = |Ai|-H|A 2|. 
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(xvi) We say invert F CE\nX,\i we change the sign of X{*) in X to -X(i) for all 
i£F. 

(xvii) We define symmetric difference between two disets, X and Y as follows: 

XAY = {X/Y)U{Y/X). 

(xviii) Let T, denote some collection of disets of E. T is said to be an intersecting 
family i{X,Y €T and XnY ^ <l> implies XOY eT and X U F € T. 

We will now give some properties of disets, with their proofs whenever necessary. Suppose 
X = (XuXi), Y = (Fi,Fa) and Z = (^ 1 ,^ 2 ) are three disets of E. Then the following 
properties are true. 


Property 

1.3.1 



(PI) 

ifXCFCZthenA'CZ. 

(P2) 

XCFCX=>X = F. 

(P3) 

XC\Y = Yr\X. 

(P4) 

XUF = FUX. 

(P5) 

A’nFCXandXnFCF. 

(P6) 

X n F c X U F. 

(P7) 

(-X)n(-F) = -(XnF) 

(P8) 

(-X)U(-F) = -(XUF). 

(P9) 

xn{Yf\Z) = {xr\Y)f\z 

(PIO) 

XUF = ^iffX = -F. 

(Pll) 

if XCFthenXnZCFnZ. 


(P12) 

if X C F and X c Z then X c Fn Z. 


{P13) 

ifXCFthenXn(-F) = (- 

II 

c 

1 

<!>. 

(P14) 

(XuF)nz = {(xuz)n(Fuz)}n{(xnz)u(Fnz)}. 

(PIS) 

(xnF)uz = {(xuz)n(Fuz)}u{(xnz)u(Fnz)}. 


Proof of (P14). In case X and Y are cancelling 

(A'uy)nzc(A'nz)u(Fnz). (1.3.1) 

Since the cancelling elements of X and Y, which are in Z, are not present in the left hand 
side of (1.3.1) but will be present in the right hand side of (1.3.1). Moreover these cancelling 
elements do not belongs to {X U Z)f \ (F U Z). And for the remaining elements of X and F , 
if c G (X U F) n Z then also c € {(X U Z) n (F U Z)} n {{X n Z) U (F n Z)}, hence 

(x u F) n z = {(jf u Z) n (F u z)} n {(x n Z) u (Fn z)}. 
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When X and Y are non-cancelling, 

(X u y) n z = (X n z) u (r n z), 


and 


this implies 


(X n z) u (y n z) c (X u z) n (y u z), 


(xuy)nz = {(xuz)n(yuz)}n{(xnz)u(ynz)}. □ 

Proof of (P15). In case X and y are cancelling 

(X u z) n (y u z) c (X ny) u z. 


(1.3.2) 


Since the cancelling elements of X and Y, which are in Z, are not present in the left hand 
side of (1.3.2) but they will be present in the right hand side of (1.3.2). Moreover these 
cancelling elements belong to (X fl Z) U (y fl Z). And for remaining elements of X and Y, 
if c 6 (X n y ) U Z then also c € {(X U Z) fl (y U Z)} U {(X n Z) U (y n Z)}, hence 

(X n y) u z = {(X u z) n (y u z)} u {(x n z) u (y n z)}. 

When X and Y are non-cancelling, 

(X u z) n (y u z) = (X n y) u z, 


and 


hence 


(xnz)u(ynz)c {(xuz)n(yuz)}, 


(xny)uz = {(xuz)n(yuz)}u{(xnz)u(ynz)}. □ 

However the following are not true in general: 

(i)xcxuyory cxuy. (2) (xuy)uz = xu(yuz) 

( 3 ) X u (y n z) = (X u y) n (xu z). (4) x n (y u z) = (X n y) u (x n z). 


A counter example is: 


X = (e,^), y = {<l>,e) and Z = (e,<^). 
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Definition 1.3.2 

/ : D{E) -+ R, is a bisetfunction on D{E). 

(i) / is said to be non-decreasing if /(K) < /(^) for all K C A", A, Y ^ D{E). 

(ii) We say that / is a Fujishige bisubmodular [26], [28] function if for any 
A = (Ai, Aj) and y = {Yx,Y^) € D{E\ 

f(X) + /(K) > /(X A K) + S(x V K), 

i.e 

/(Ai, Aj) + /(Fi, r^) > /(Jfi n Fx, A 2 U Fj) + /(Ax U Fx, A 2 n Fa). (1.3.3) 

(iii) / is said to be bisubmodular (or, directed submodulax [43] ) if for any 
A = (Ax, Aa) and F = (Fx,Fa) € D{E), 

/(A) + /(F) > /(A n F) + /(A U F), 

i.e 

/(Ai,A2) + /(Fi,Fa) > /(AinFi,A2nF2) 

+ /((Ax U Fx)/(Aa U Fa), (Aa U F2)/(Ax U Fx)). (1.3.4) 

It has been shown that the generalized submodular function [22], rank functions of a 
pseudomatroid [7], delta- matroid [5] and ditroid [43] are all examples of bisubmodular func- 
tions. 


For any e e E and A — (Ax, A3) such that e ^ A, we write, A -h e in place of A U 

(®>^) or A U (^, c). It will always be clear from the context, whether e is a forward or a 
backward element of A -f- e. 

Define incremental function of a biset function f ai S € D(E) as follows : 

MS) = f{S + j) - f{S). (1.3.5) 

This definition generalises the lower and upper incremental functions of /, given by Qi, [44]. 

We now give some properties of a bisubmodular function. These properties are extensions 
of the properties of submodular functions. The list here is by no means exhaustive. Only 
those results which are to be used in developing the theory further are given. 
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Property 1.3.2 Let / : D{E) — > 3li be a non-decreasing biset function. / is bisubmod- 
ular if and only if its incremental function is non-increasing, i.e, if and only if, 

MS) = f{S+j) - fiS) > fiS +j + k)- fiS + k) = MS + fc), (1.3.6) 

for all j, k 6 E/^ j ^ k. 

As mentioned earlier (S -f j) means that either j has been added as a forward or as a 
baxdcward element. 

Proof. / bisubmodular, implies 

/(A) + f(B) > f(A LiB) + f(A n B), for all A, B € D{E). 

Putting A = S + j, where j, may be forward or backward element of A, and B = S + k^ 
where fc is a forward or backward element of B. 

We have, 

f(s+j) + ns +k)> ns u y.i}) + ns), 

or 

ns + j) - ns)> ns V y, *)> - /(s + *>. 

Conversely, let (1.3.6) be true, that is, 

ns + j) - ns) > ns u o*, a:}) - ns + k) 

hold. Let S = An B for some A, B ^ ^ non-cancelling,let, A/B = 

and BjA = {ki,k 2 ,'’'k,}, forward and backward elements will be known 
from the context. Then, 

/(B) - /(AnB) 

= E l/(s u {ii, ibj, /(B u {*„ It,, ••• , *.-■})] 

f=l 

= E [/((5 u {t., t,, • • • , I;,.,}) + *,) - ns u {t„ • • • , *,-,})] 

t=l 


Now, 



2 


“ S [f(^ U {fci, Atj, • • • , + {Art, ji}) - f(S U {Atj, Atj, • • • , A:t_i} + jj)j 

’ . using (1.3.6) for ji 

- £ [ /(‘^ U {Ai, Ara, • • • Ar*} U {J1J2, • • • ,ir}) - 

/( 5 U {Ari,A:2,"--,Art_i} U • • • ,ir})] 

using (1.3.6) for 

= /(AUB)-/(A). 

Hence /(A) + /(B) > /(A U 5) + /(A n B). 

Suppose A — (Ai,A 2 ), B = (^ij^a) are cancelling. Define 

A' = (Ai/At n B 2 , A 2 /A 2 n Bi) and B' = (B 1 /A 2 n B^Bi/Ai n B 2 ). 

Then /t' and S' are non-eanceUing A U B = A' U B- and rt n B = X' n S'. Also / i, an 
increasing function. So 


/(^) + fiB) > f(A') + /(&)> /(A' U B') + f(A' n B') = f(A 


^B) + f{AnB). □ 


Property 1.3.3 / is bisubmodular and non-decreasing if and only if, for 

cancelling disets S, T e D(E) 


any two non- 


n^)<f(S)+ J: {f(S + j)-f(S)}. 

j€r/s 




Let / be biaubmcdular and ncn-decreaaing. Let T/S = {y,.,,. .hen, 
f(T)<f(SUT) = f(S) + {f(S[jT)~f(S)} 

= m + E [/(5 u {y..;t,- •• ,y,}) - f(su 

“ /(‘^)+D/(5 -f- jt) - /(s)i 
Where the first inequality holds because f j 

holda, becanne / is bisnbmodular. 

To prove the converse, let (1.3.7) be true, that is, 

/(V < f(s) + £ [/(s+j) - f(s)i 

i&r/s 



for any two non-cancelling disets 5, T € D{E). Taking T = S/{j}, gives 
f{S/{j]) < f{S), which implies / is non-decreasing. 

Taking T = SU {j, fc}, this gives 
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/(SuO'.t}) < nS) + f(S-^j)~f(S) + f{S + k)-f{S) 

or, ns+i)-f{s) > nsu{i,k])-ns+k). 

Hence, / is bisubmodular, by property (1.3.2). □ 

Let 5^, , 5", be directed subsets of E, such that 

Where, S’^ = E and S' = {ci, C 2 , • • • , c,}, considering their direction also. 

Then 5® , 5"^, 5”^, • • • , S'" forms a directed chain in D{E). We now prove the following two 
properties of the function /, with respect to the diain 5°, S^,S^, • • • , 5". 

Property 1.3.4 If A = (Ai, ^ 2 ) € E{E) and j is the first index for which Cj € 5^andej ^ 
(>li,i42) and e,- € (-^1,^42) V » < j, and also A is non-cancelling with then 

f{Ai,A2) -1- /(50 > + /(Ai, A 2 ) U 5^. (1.3.8) 

Proof. Since (Aj, A 2 ) H the proof follows from bisubmodularity of /. □ 

Property 1.3.5 If A = (Ai, A 2 ) € D{E) and j is the first index for which ej € S^, 
but A = (Ai, A 2 ) is cancelling with with respect to ej [i.e, if ej € Ai then ej € Sl, or if, 
Cj € A 2 then Cj € 5i .], then 

fiAuA^) + f{S^) > + /(Ai,A2) U5^). 


Proof. Since (Ai, A 2 ) H the proof follows from bisubmodularity of /. □ 



Chapter 2 


DITROIDS 


J.l Introduction 


a this chapter we first describe in brief Qi.’s ([43], [44]) work on ditroids, who introduced 
hem first. In section two, we show that a ditroid can be split into two matroids and also 
escribe conditions under which the (0, ±1) solutions to a system of linear inequalities will 
^present a ditroid. 

In section three we show the existence of an augmenting path P for any X such that 
a r € J of higher cardinality exists, then X U P € J and |X U P| = jX] + 1. In section 
)ur, we prove some more properties of rank functions of ditroids. 

In section five, we define circuits and circuit axioms for ditroids and their properties. In 

;ction six, well defined operations on matroids, like contraction, deletion and projection are 
itablished for ditroids. 

And in section seven, we define the dual of n ditroid and its rank function, focus on perfect 
itroids and composition of two ditroids to construct new ditroids. Finally, in section eight, 

e establish relationship between ditroids and some other subset systems and show that 
•iented matroids are self dual ditroids. 
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2.2 Definitions, Examples and Relation 
with Matroids 

Definition 2.2.1 ([43], [44]). 

(1) Let I C D{E). D = {E^T) is said to be a ditroid if the family J satisfies the 
following axioms: 

(Dl) ^€J; 

(D2) ifXGJandrc X, then K € J; 

(D3) if X and Y € J axe non-cancelling, with IXj = |]K| -1- 1, then there 
exists e, € and Z € I such that 

y(c,) = 0, Z(e,-) = X{e^ ^ 0, and Z(cj) = Y{ej) for all j ^ i. 

Axiom (D3) is the directed version of the augmentation axiom for matroids. 

(2) / € Z is an independent set of D. All other disets of D(E) are dependent sets of 
D. 

(3) A maximal independent diset of X is called a base oi D = {E,X). 

(4) A minimal dependent diset of D, is said to be a circuit of D. 

(5) The rank function of a ditroid D — (E,X), is a set function, h : D(E) — > Si+, 
defined by 


h{X) = h{Xi,X 2 ) = max{|y| :YCX andYel} for Xe D{E). 

h is bisubmodular on D{E) [43]. 

Following are some examples of ditroids [43], [44]. 

Example 2.2.1 Suppose that Mi = {E,Ji) and Afj = (E, J 2 ) are two matroids on E. 
Let 

I = {Ml, > 12 ) e D(E) : Ai € Ji, A 2 € Ji)]. 

Then D = (E,T), is a ditroid. 

Example 2.2.2 G = (V^E), is a graph. A diset (Ai,A 2 ) 6 D{V), is said to be covered 
by a matching M, if Ai and A 2 are covered by M and no edge in M has both ends in Ai or 
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both ends in Aj. Let, 

J = {(Ai, As) € D(V) : (Ai, A 2 ) is covered by a matching}. 

Then D = {V,I), is a ditroid. 

Example 2.2.3 E = {1,2,3} and 

X = {{E, ^), (1 2, <!>), (2 3, <f>), (3 1, <!>), (1, ^), 

(2, <f>), (3, <!>), ((^, E), (^, 1 2), (^, 2 3), {^, 3 1), 

(MAM, W, 3), (1.2), (2,3), (3,1), (^, «}, 

then £) = {E,X) forms a ditroid. 

The base family of the above ditroid is (1,2), (2,3), (3,1)}. Thus unlike 

matroids, the cardinalities of the bases of a ditroid are not necessarily the same. 

Qb ([43], [44]) has shown that any ditroid D = {E^X) gives rise to 2*^1 matroids. Let 
Ds = (E,I(5)), for any S CE, where 

X{S) = {(Ai U A 2 ) : (Ai, A 2 ) 6 1, ACS, BC E/S}. (2.2.1) 

^ ~ i,Ej,X) is a ditroid if and only if 0$ is a matroid, for any S C E. In particular, we have 
the following proposition from [44]. 

Proposition 2.2.1 \{ D — (E,X) is a ditroid, then M — is a matroid, where 

J={Xx^X2 : {XuX2)£X}. 

f an oracle exists for M = {E,J), then it would be possible to find a base B of M such 
,hat |B| = rank(D), that is |B| = cardinality of the maximum cardinality base of D. 

In case a ditroid D = {E,X) is constructed from two matroids Mi = {E,Ji) and A /2 = 
B, Ji) as m example (2.2.1), then the union of matroids Afi and A/ 2 , that is A/i V A/j = 
E,J) is the same matroid as obtained from D = (B, J) by ignoring the signs of sets in I, 
hat is J = {Xi U X 2 : {Xi, X 2 ) € I}. 
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In example (2.2.1), we saw that, if Mi = {E,Si) and = {E,J’ 2 ) are two matroids 
then D = {E,2) is a ditroid, where : 

I={{A,B) € D{E) : A€Ji, Be J 2 )}. 

We will now show the converse relation, that is, any ditroid can be split into two matroids. 
Let D = {E, J) be a ditroid, “tiienj, 


Theorem 2.2.1 Define jTi and J 2 in the following way: 

Ji = {ACE : {A,B) € 2} and J 2 = C £ : e 2}, 

then Ml = (fJ, J7i) and M 2 = {E,^ 2 ) are two matroids. 

Proof. By (Dl), we have ^ € 2, that is (<l>,<f>) € 2, implies ^eJi and ^ € J 2 - 

Let, ii € ,2i and Xi C Yi. We want to show that, Xi 6 Ji. 

Since lx € ,2i there exists Ij € J 2 ^ such that (lx, Y 2 ) € 2. 

Let X = (Xx, Fa). Since Xi C Yi impHes X CY. 

But y € 2 and this implies that X € 2 and hence XiE Ji. 

Thus, Ji satisfies the second axiom of matroids. 

Let Xi e Ji and Yi € Ji such that |yi| = |Xx|+l. Clearly X = (J^x, ^)andy = {Yi,<f>) € 
2. Now we have |y| = lA"! + 1, and also A, Y are non-cancelling, so by (D3), there exists 
Cj € Y J X^ such that Z = (A -t- e,') € 2. Clearly Z — (Ax -1- Cj, ^). Thus Zi = (Ax e,’) € 
Hence Ji satisfies the third axiom of matroids. This completes the proof, that Mi = {E, Ji) 
is a matroid. In a similar way, we can show that M 2 = {E, J 2 ) is also a matroid on E. □ 

Let rank(Mi) = ri and rank(A/ 2 ) = r 2 . Then from construction of Mi and M 2 it follows 
that Tx -b r 2 < rank(Afx V M 2 ), where Mi V M 2 denotes the composition of two matroids Mi 
and M 2 . Let Di = (£^,2x) denote the ditroid, constructed from Mi and M 2 as in example 
(2.2.1). Then 

rank(Dx) = rank(Mx V Mx) > ri -f r 2 . 
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2.2.1 When Will a System of Linear Inequalities Represent a 
Ditroid 

Paralleling Conforti and Laurent’s [8] result for matroids, we are able to prove a similar result 
for ditroids, i.e., given a system of linear inequalities Ax < 6, where A is mxn matrix with 
{0,±1} entries and b € Z”, when will the (0,±1) vectors satisfying this set of inequalities 
represent a ditroid? 

Theorem 2.2.2 Given a system of linear inequalities 

Ax < b, (V) 

where A is mxn matrix with {0, ±1} entries and 6 € Z^. The rows of A are the characteristic 
vectors of disets in D{E). The (0,±1) vectors in P, define a ditroid if and only if 

for all i, j € {1, 2 . . . , m) 

bi + bj > r{Ai, A Aj,) + r{Ai. V Aj.), (2.2.2) 

ind for all j and u and v such that Aj^ = 1, and Aj^, = -1, 6,- > r{Aj, - €„) and 

'>i > r(i4,-. + e„). 

Here, if Aj. is the characteristic vector of {S,T), then {Aj. — e„) represents the charac- 
eristic vector of {S/e„,T), and {Aj. + c„) represents (5,r/e„), and 

A,-. A Aj, = {Si, Si) where Si = {u : Ai„ = Aj„ = 1} 

and 5^2 = {w : A,-,, = Aj„ = -1}. 

At. V Aj, = {Ti,T 2 ) where Ti = {u : A,„ + A;„ >1} 

and Ti = {v : A,„ + Aj„ < -1}. 

br any {S,T) € D{E), define 

r(5,r) = max{x(5)-i(r) : xeV). 

roof. 2.2.2 holds for a matrix vector pair (A, b), only if it holds for each of the corre- 

>onding set of pairs {(A,-, 6,)} for f = 1 , 2 . . . , n, where Ai is the submatrix of A, obtained 
r deleting the i*^ column, and 
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b 



V 


b-Aj 
b + Aj 


if there exists a solution to V with x,- = 0. 

if there exists a solution to V with x,- = 1. 

if there exists a solution to V with Xj = — 1. 


We shall prove the theorem by induction on n. 


Theorem is trivially true for n < 2. So, if the theorem is false, let p be the minim u m 
value of n. Choose V for which n = p and for which the theorem does not hold. Let J be 
the collection of disets corresponding to {0,±1} vectors in V. We assume that {E,T) is not 
a ditroid. 


Since 6 > 0, {<f>, 4) G Now if for some (5, T) € T, at least one subset of (5, T) ^ I, 
then among all such sets of D{E), take that (5,7’) for whidi 1511 r| is mi n imum . Therefore, 
either {SJu,T) ^ J, for some u € 5 or (SyT/v) ^ J, for some v eT. 

In the first case, there exists i such that fc,- < r(Ai. — c,,), and in the second case, there 
exists j such that 6, < r(Aj, + e„), but in both cases, it is a contradiction. So if {S, T) € X 
implies all subsets of (5, T) also belong to J. 

Hence the third axiom of ditroids must be violated, that is, there exist non-cancelling 
(5,7’) and {R,V) € J, with |(.R,y)| = |(5,T)| + 1, such that no augmentation is possible 
from (i2, V) to (5, 7’). Then by minimality of p they are disjoint, and |(5, T)A{R, V)! = 3. 

Suppose |(5,r)A(i2, V)| > 3. 

For a € (5,7’) and {R,V), {S,T)/a and {R.V)/d also satisfy V. 

Since dim(J?/{a,d}) < p, (5i,7’i) = {S,T)/a and (72i,Vi) = {R,V)/d do not violate the 
third axiom for ditroids, that is, there exists c € {Ri, Vi)/(5i,7’i) such that 
(5i,ri) + e = (52,T2)€ J. 

Since |(52, T 2 )\ -|- 1 = |(i2, y)|, using the same arguments as above, there exists 
/ € (^j V’)/(52,r2) such that 

(^ 2 , Ti) + / = (53, Ts) e J, and |(53, n)\ = |(5, r)| + 1. 

Also 1(5, r)A(53, 7’3)| = 3. Again because of minimality of p, augmentation is possible from 
(53, Ts) to (5,r). But (e,/) € (53, 7’3)/(5, T) and e,/ € {R,V). This contradicts our 
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assumption that no augmentation is possible from {R, V) to (5, T). Thus \{S.,T)A(R^ F)| = 
3. 


Following six cases are possible. 

(i) (5,r) = (t,<^); {R,V) = ijk,<l>). 

(ii) (5,r) = (t,<^); {R,V) = {j,k). 

(iii) iS,T) = {i,<i>)\ {R,V) = {<f>J k,). 

(iv) {S,T) = {<f>,i); {R,V) = {jk,cf>). 

(v) (5,r) = (^,0; {R,V)^ij,k). 

(vi) (5,r) = (^,0; iR,V) = (<f>J k,). 

case (i) (S, T) = (i, ct>), {R, V) = {j k, 4>). 

Since no augmentation is possible from (-R,V) to {S,T), there exist Ai, and Aq,, tight at 
(5, T), such that 

An = Aij = 1 and i; = 1. 

Aqi = Aqk = 1 and 6, = 1. 

So, 5/ + 6, = 1 + 1 = 2, 

and, r{Ai. A A,.) = 1, r(i4/. V Aq) = 2. This implies that, 

6/ + 6, = 2 < A Aq) + r{Ai, V Aq) = 3, 
which is a contradiction. 

:ase (ii) (5, T) = (i, <f,), {R, V) = (;, k). 

\gain since no augmentation is possible from (/?, V) to {S,T), there exist d,. and >1^., tight 
it (S', T), such that 

d*,- = A,j = 1 and b, = 1, 
d-ri 1 Arig * 1 and bf * 1 . 

io, 6, + &r = 1 + 1 = 2, 

.nd, r(d,. A Ar.) = 1, r(A,. V Ar) = 2. Implies 

b, + br = 2< r(A,. A Ar) + r(A,. V Ar.) = 3. 
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Again a contradiction. 

case (iu) (5, T) = (i, 4’), (Jl, V) = (^, j k). 

No augmentation is possible from (R, V) to {S, T), so there exist Aa. and A^,, tight at {S, T), 
such that 


Acii 1 Actj ““ 1 and — 1. 

Afli = 1 Apk = —1 and bp = 1. 

So, + 6^ = 1 + 1 = 2, 

and, r(Aa. A Ap) = 1, r{Aa. V Ap) = 2. Implies 

ba bp = 2 < t^Aq. a Ap,) + r(A^. V Ap,) = 3. 

Whidi is a contradiction. 

case (iv) (5, T) = (^, t), (R, V) = {j k, <f>). 

Again since no augmentation is possible from (J?, V) to (5, T), there exist Ay. and A., tight 
at (5, T), such that 

Ayi = —1 Ay, = 1 and hy = 1. 

Asi = -1 Ask = —1 and bs = 1. 


So, 6-^ + — 1 + 1 = 2, 

and, r(Ay. A As,) = 1, r(Ay. V A.) = 2. Implies 

by -{■ bs = 2 < r(A. A A.) H" V Aj.) = 3. 

Again a contradiction. 

case (v) (5, T) = (^, i), (i?, V) = (j, k). 

Again since no augmentation is possible from {R, V) to (5',?’), there exist Aa. and A^,^ tight 
at (5, T), such that 

Aa; = 1 Aaj = 1 and bx = 1. 

A,ti = —1 A^k = —1 and b^ = 1. 
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So, 6 a + = 1 + 1 — 2, 

and, r(Ax. A A^.) = 1, r{Ax. V A^.) = 2. Implies 

6a + 6;i = 2 < r(i4A. A + r(y4A. V A;*.) = 3. 


Again a contradiction. 

case (vi) (5, T) = (^, »), {R, V) = (^, i *)• 

Again since no augmentation is possible from (il, V^) to (S, T"), there exist and A,,., tight 
at (iSiT), such that 

A^i = Afj = —1 and 6^ = 1. 

Ar,i = A„fc = -1 and 6, = 1. 

So, 6^ + 6,i = 1 + 1 = 2, 

and, r(A^. A A„.) = 1, r(A 4 . V A,.) = 2. Implies 

6{ + 6,, = 2 < r{A^, A A,.) + r(A{. V A,.) = 3. 

Again a contradiction. 

In all the above cases, we reach at a contradiction, so the third axiom of ditroids must 
tiold for n = p. Hence (jB, 2) is a ditroid. □ 

2.3 Augmentation Axioms and Bases 

5b ([43], [44]), extended some of the matroid axioms to ditroids. We extend some more 
natroid axioms to ditroids and show the existence of an augmenting path between two 
ndependent sets of unequal cardinality. 

V consequence of axiom (D3) is the following augmentation theorem for ditroids. 

Cheorem 2.3.1 Suppose that X and Y are independent in D = {E,I) and are also 
lon-cancelling and \X\ < \Y\, then there exists Z C YfX, such that \X U Z| = 1^1 and 
X U Z) is independent in D = 
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Proof. Let U Zo| = maxlA" U Zf for all Z C Y/X such that X U Z € T, 

Since X and V are non-cancelling, XUZo and Y are also non-cancelling. If \XUZo\> [y], 
select some ZqQ Z such that \X U Zq\ = |y|. But if |JVUZo| < |y|, then there exists Yq CY 
such that |XU Zol -f 1 = |Vo|. Since lo € I, by (D3) of ditroids there exists e € YqJ {X\J Zq) 
such that (X U Zo) -f e € I. Since e 0 X, Zj = Zq + e contradicts the maximality of Zq. 
Hence the theorem. □ 

Corollary 2.3.1 Let Z = {ei,e 2 , ...,ep}; and X, y be as in theorem (2.3.1). Then 
X -h Ci € Z for all t = 1,.. .,p. Here the signs of the elements in Z are attached to the 
elements themselves. 

Qi, [44], proved the following lemma for an augmentation when the disets are cancelling. 

Lemma 2.3.1 Suppose that D = (JS,T) is a ditroid, X and Y € T with |y| = |X| -f 1. 
Then there exists e,- € Y/X and a F = X C\ (— y), such that we may add Cf from y to X 
and invert F in X to form a new diset Z € X. 

Proof Let X = (^4, B) amd Y = (C, D) € I. There are two cases : 

(i) X C y. Since \Y\ = \X\ -|- 1. We have c,- € Y/X such that F = X+II. Let Z = y 
and F = X n (— y). The conclusion holds. 

(ii) X 2 y. Let X^ = {A/D,B/C). Then X^ and Y are non-cancelling and |y| = 
+ 1 > |X*| -H 1. Thus we may form a new diset Y^ by adding elements from Y to X^, 

such that |y*| = |y| and Y^ € X. Moreover, we have 

|y^nx|> |x'|>|ynx|, ( 2 . 3 . 1 ) 

and 

yi/x c y/y. ( 2 . 3 . 2 ) 

If X 2 y^, we replace Y by y^ and continue this process. By (2.3.1), this process will 
terminate at a certain k, such that we have y* € X, |y*| = |y|, X QY^ and 


yvx C Y/X. 
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Thus we have e,- such that V* = (X + Cj) and e,- € YJX. Let F = X r\ and Z = K*. 

It is easy to see that 

F c X n i-Y’’-^) c X n c . • • c x n {-Y), 

Thus the conclusion also holds in this case. 

We can interprect lemma 2.3.1 in terms of an augmenting path for X with respect to 
Y. 

Let P = (e,-,Si,S 2 , ... ,Sfc), where e; € Y/X, as in the lemma and s, € F, for all i = 1,2, . . .,Jfe 
and |F| = fe. 

We interprect X U F as follows : 


X + ei = (Xi + Ci, Xj) or (Xi , Xj + c,), according as e,- € or52- 

X + e^ + si = (Xj +Si,X2/si) + e,*, in case si € X 2 
— X 2 + Si) + e,-, in case si € Xi. 

The rest of X U F can be constructed in a similar fashion. 

Then XUF = ^€Jashas been shown in the lemma, and F is the augmenting path 
X, since it alternately adds and subtracts elements to X. O 

By repeated use of the above lemma, theorem 2.3.2, given below can be immediately 
Droved. 

Theorem 2.3.2 Let X, K € I be cancelling with |Xi < \Y\ and F C X.Y. There 

ixiats Z C Y/X such that X* U Z € I and |X* U Z| = |r|. where X* is obtained from X by 
nverting F in X. 

In example (2.2.3) we have seen that all the bases of a ditroid need not have the same 
■-ardinahties. But when two bases are non-cancelling, we have the following theorem. 

Theorem 2.3.3 Any two non-cancelling bases of a ditroid have the same cardinality. 

^roof. Let Bt and B 2 be two bases of a ditroid D = (F,I), where Bi = {Bn, Bn) and 
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Bj = (^ 2 i>^ 22 ), If possible let |5i| < IB 2 I. 

We can always choose a set Q B 2 such that |Sil + 1 = jjBjl- 

Clearly, B 2 is an independent diset of D = {E,2) and also non-cancelling with jBi, so by 
(D3), there exists e G B^Bi such that (Bi + e) el. 

Which contradicts the fact that Bi is a base of D = {E,J). Hence our assumption is wrong. 
This implies |j5i I = 1^2 1. □ 

Problems of finding 

1. a maximum cardinality base of a ditroid, and 

2. a minimum cardinality base of a ditroid 

were posed by Qi in [44], and have been intractable so far. 


2.4 Rank Function of a Ditroid 

Qi, [43], proved that the rank function A of a ditroid is bisubmodular and chaxacterized it 
through the following rank theorem. 

Ditroid rank theorem 2.4.1 An integral set-function h : D{E) — > is a rank 

function of a ditroid, if and only if, it satisfies the following : 

(i) <l>) = 0; 

(ii) ifXCY, then h{X) < A(r); 

(Hi) A(X)<|X|; 

(iv) A is a bisubmodular function on D{E). 

We obtain another equivalent characterization of a ditroid rank function, by extending 
the corresponding result for the matroid rank function. 

Theorem 2.4.2 An integral set-function h : D{E) — is a rank function of a ditroid, 
if and only if, it satisfies the following : 
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( 1 ) h{M = 0-, 

(2) h{X)<h{X + ei)<h{X) + l Ve. 

(3) If h{X) = h{X + c.) = h{X + ej) for V e,- ^ ej and e,- , ej ^ X, then 
h{X + Ci + Cj) = h{X), where e^ and ej are signed elements. 

Proof. Suppose h is the rank function of a ditroid D. (2) follows from (ii) and (iii) of 
theorem (2.4.1). And (3) follows from bisubmodulaxity of k. 

Conversely, let h satisfy (1) ,(2) and (3). We will show that h is the rank function of some 
ditroid D = (£?, J(h)), where 

I{h) = {Xe D{E) such that h{X) = 1X1). 

Clearly, <f> € 1(A). 

Let A € 1(A) and B C A. If possible B ^ 1(A), then h{B) < \B\. 

Therefore, if {cj, ej, • • • , Cfe} = A/fl, we have 

A(B + eO<A(B) + l<lB| + l. 

By repeated application of (2), we arrive at 

A(A) = A(B U {ei, ej, • • • , €*}) < jBj + A = |A|. 

Which is a contradiction. Hence, J(A) satisfies (D2). 

Let X,y € 1(A) be non-cancelling eind jXl -f- 1 = |y|, and 

y = ®2 j ’ * * » • ,rjt, 

where y,- ^ z^-, for any i and j. 

Suppose that {X -1- z.) ^ 1(A); for any 9 -|- 1 < i < A + 1. Then, A(A‘) = k{X U z.) = \X\, 
for all i = q -f 1 to A -f 1. Hence by (3) 

h{X U {zf, Zj}) = h(X) = jXI; for 9 + 1 < i, j < A -f 1. 

Applying (3) repeatedly, we get 

A(y) < A(Jtu {z,+i,...,z*+i}) = \x\ < |y|. 
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This contradicts the fact that Y € I{h). Hence X + Zi E T(h), for some i and X(h) satisfies 
(D3). Thus I{h) is the collection of independent sets of a ditroid D = (£, J(/i)). 

Let p be the rank function of the ditroid D — (E,I(/i)). To prove that h is the rank 
function oi D = (£J, it is enough to show 

p(X) = h{X) for all XeD{E). 

By definition 

p{X) = max{lA| : A C X, Ae I{h)} = |A°| (say). 

So A° is the maximal independent subset of X. If X ^ ^(h), then h{X) < |X|. But A° is 
the maximal subset of X such that A® € T(fe). And by repeated use of (2) and (3) of this 
theorem, we get h{X) = |A®|. Hence, 

p{X) = h{X) for all X € D{E). □ 

Using the above two diaracterizations of the ditroid rank function h, it can be easily 
shown that h has the following properties. 

Property 2.4.1 For A ^ D{E) and x , y ^ A 

h{A U {a;, y}) — h{A + z) < h{A + y) — h{A). 

Property 2.4.2 For A , B € D{E) and x ^ A, and x ^ B, 

h{A\JB + x)- h{A U B) < h{A + x) - h(A). 

Property 2.4.3 For A ,B ,C ^ D{E) ,and non-cancelling to each other, 

/i( A U B U C) - h(A U B) < h(A UC)- h{A). 

The theorem given below is a generalisation of the corresponding result for matroids [53]. 

Theorem 2.4.3 Let h : D{E) Z'^ he & nondecreasing bisubmodular function with 
the property that h(X) < |X| for all X € B(B), then 

I{h) = {A : A € B(B), h{A) = \A\} 

is the collection of independent disets of a ditroid on E. Moreover, h is the rank function of 
this ditroid. 
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Proof. In theorem ( 2 . 4 . 2 ), while proving its converse part, we had shown that the family 

I{h) =^{A: Ae D{E), k{A) = \A\} 

is the collection of independent disets of the ditroid D = {E,I{k)), and we also proved that 
h is the rank function of the same ditroid. □ 


2.5 Circuits of A Ditroid 

Definition 2.5.1 Circuit is a minimal dependent set of a ditroid D = {E,X). 

By definition, if we drop any element from a circuit, it will be an independent diset of 
ditroid D = (E,X). We denote C as the collection of all circuits of a ditroid D = {E,I). 
Here, we will give some examples of circuits of those ditroids which we discussed before. 

Example 2.5.1 Circuits of the ditroid D = (jE', J), given in example (2.2.1), are the 
following : 

(Cl, (fy) when Ci is a circuit of Mj 
(^jCj) when Ca is a circuit of Mj. 

Example 2.5.2 In example ( 2 . 2 . 2 ), the circuits of D are the collection of those diset of 
D{V)f which are not covered by a matching but will be covered by a matching when we drop 
any one node from those disets. 

Example 2.5.3 The disets {( 2 , 1 ); (3,2); (1,3)} are the circuits of example (2.2.3). 

From the above examples, we have three types of circuit, first of the type C = (Ci,^), 
where Ci ^ (f> , second of the type C = (<^, Ca) , where Ca 7 ^ ^ and third of the type 

C — (Ci,C 3 ) , where and Ca ^ <t>. And in each case Ci, Ca are the subsets of the 

ground set E. 

It is possible to characterize a ditroid with respect to its circuit axioms. It is obvious 



29 


that every dependent diset of a ditroid D = {E^l) must contain a circuit. This and some 
other easy observations are listed in the following theorem. 

Theorem 2.5.1 The following statements are true for a circuit of a ditroid D — {E,J) 
with h as its rank function. 

(i) If C* is a circuit, then h{C) = iCj — 1. 

(ii) If (7 is a circuit, then there exists a base B of the ditroid, 
such that \C\ < h{B) + 1. 

(iii) Every proper subset of a circuit is an independent diset of the ditroid. 

Proof. (i) Follows from the definition of circuits. 

(ii) If jB is a base of D, then S + e is a dependent set for any e & E/B. Thus B + e must 
contain a circuit. 

(iii) Follows from the definition of circuits. □ 

Theorem 2.5.2 (Circuit axioms of a ditroid.) 

(Cl) If Cl and Ci are two distinct circuits of a ditroid D = {E,J) then 
Cl % C2 and C2 % Cl. 

(C2) If Cl = (CiiyCu) and C2 = {C21, C22) are two circuits of D such that 
Cii n C22 = C12 n C21 = that is Cl and C2 are non-cancelling and 
2 € Cl n C2, then there exists a circuit C3 such that C3 C (Ci U C2)/«. 

(C3) If Cl = (Cii, C12) and C2 = (C21, C22) are two non-cancelling circuits of D 
and y € C1/C2 then for each a: € Ci H C2 there exists a circuit C3 such 
that y £ C3C (Cl U C2)/x. 

Proof of (Cl). If possible let Ci C C2. Then there exists at least one element e € C2/C1 
such that Cl C C2/C whidi contradicts the fact that C2 is a circuit. Similarly, C2 ^ Ci. 

Proof of (C2). It is necessary that Ci and C2 be non-cancelling. Otherwise, Ci U C2 
may be independent set. Consider the circuits of the ditroid D given in examples (2.5.3). 
Let Cl = (2, 1); C2 = (3, 2), then Ci U C2 = (3, 1) G X. 

Suppose there is no C3 such that C3 C (Ci U C-^fz., for all 2 6 Ci H C2. This implies that for 
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allz € CiflCa, (C'iUC'jVz € J, that is h{{Cx\JCi)lz) = iC7,UC2l-l. But h{Cx) = 
and h{C2) = 1^21-1? and bisubmodularity of h gives 

MC*! U ^ 2 ) + /»(Ci n Cj) < h(Ci) + /i(C'2) = 1^11 + 1021-2 

= lOi U 02! + lOi n C2I - 2. {Ci&:C 72 non-cancelling] 

But we know that h{Cx U C2) > h{{Cx U 02)/^) = l(Oi U 02)! - 1 . This implies that 
fe(Ci n C2) < l(Oi n 02)1 - 1 - Which is a contradiction, since {Cx H 02) is an independent 
diset. Hence the proof of (C 2 ). 

Proof of (C3). Suppose that Ci, O2, x, y are such that the above statement (in {C 3 )) is 
not true and that lOi U 02! is minimal with this property. By (C 2 ) there exists a circuit C3 
such that Cz C (Oi U 02)/®, but for all y € Cx{C2-, y ^ C3. Now C3 H {C2/Cx) can not be 
null, otherwise Oa C Ci. 

Let z € O3 n (C2/O1). Consider C2,03,x€C3nC2,xeC'2 /Cz and since y ^ C2 H C3, so 
C2 U C3 is a proper subset of Ci U C2, therefore by minimality of \Ci U 02!, there exists a 
circuit C4 such that x € O4 C {C2 U C^fz. 

Now consider Ci,C'4.x € CxC\CA,y ^ C2UC3, and hence y € CxlC^. Also CiUC^ C CiUC'3. 
Therefore by the minimality argument again there exists a circuit C5 such that y € Cs C 
(Cl U C^Jx. Which is a contradiction. □ 

Lemma 2 . 5.1 If A is independent in D, then for any e € £; A + e contains at most 
one circuit. 

Proof. Either A + c is independent or dependent. If it is independent, it contains 
no circuit. When A + e is dependent, if possible let two circuits Cx = (Cii,C7i2) and 
C2 = (C21, C22) be contained in A + c, that is ( 7 i C A + e and C2 C A + e. This implies that 
Cl U Ca C A + e and c € Ci D C2. 

Since Ci and C2 are non-cancelling and c € Ci O C2, by circuit axioms (C2), there exists 
C3 Q (Cl U C2)/e. But Cx U C2/e C A. 

This contradicts the fact that A is an independent diset of D. Hence the lemma. O 
It IS now possible to characterize a ditroid with respect to its circuits. 

Theorem 2 . 5.3 A collection C of disets of E is the set of circuits of a ditroid on E, if 
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and only if the disets in C satisfy axioms (Cl) and (C2). 

Proof We define a function h associated with C and then we will show that h is the rank 
function of a ditroid. 

For any A € D(E), where A = {xi,X 2 , . . . ,Xr} and the elements of A are ordered. Set 
0, = 0. If {a:i,X 2 ,. contains a member C e C, such that x, € C and set 9, = 1, 

otherwise. We define 

»=1 

For any permutation tt of (1, 2, . . . , r) 

/l(xi, X2, • • • j ®r) ~ 2?jr(2)? • • • j ®5r(r))- 

Above claim will be true, if we can show that 

h(xi, X 2 , • • • , ®r— 2} ®r— Ij ^r) “ ^2> • • • j ^r— 2? j ®r— l)* 

Let y be any diset of {xj, X 2 , . . . , Xr- 2 }. Assume 

h{Y) = a, h{Y + X,_i) = Cj, A(y + Xr) = 02 , h{Y + Xr_l +Xr) = 012 , h{Y + Xr + Xr-\) = 021. 

Signs of Xr_2,Xr_i and x, will remain same in the above three disets, whatever they are. 

case 1 Let there be no member of C in (y + Xr_i) containing x^.i and none in (y + ®r) 
containing Xr then 

fll = 02 ~ ® "f" L 

If there is a member of C in (y + a:,-! + a;,), containing Xr_i and x^ then. 


^12 — ^1 — ^2 — ^ 21 » 


othersise 

fll2 = fli"l"l=02“l"l = 021" 

case 2 There is a member of C say C 2 contained in (y + Xr_i) and Xr_i 6 C 2 and there 
is a member Ci of C in (y + x^-i + x,) containing Xr and Xr_i, then by (C3), there exists 
Ca € C such that x^ € C 3 C (y + Xr). Hence 


ai2 = flx = a = 02 ~ ^21* 
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case 3 There is a C 72 as in case-2, but no Ci as in case-2., if C 3 exists as above then. 


012 = = a = 02 = 


otherwise 


012 = Oi-fl = a-|-l — 02 — <*21- 


case 4 There is a member C €C such that Xr€C CY + Xr, and there is a member Ci 
of C in (y -f Xr-i -I- Xr) contaning Xr and Xr-i. This is the same as case- 2 . And in case there 
is no Cl of C in (y - 1 - x^-i -I- a^r) contaning x, and x^-i, then this case reduces to case-3. 


Finally, we get 


so h is well defined. 


^(xi, X2, . . • , x^) — ^(a'»(i),at)r(2)> • • • » arx(r))» 


Let 

I={X€D{E) : CgXVCeC}. 

By definition I and A, A(y) < h{X), for all y C X € I. Let A € D(E). 

Suppose h{A -I- x) = h{A + y) = h{A), for some signed elements x and y, then there exists 
Cl and C 2 of C such that 


X ^ Cl ^ A -|- X, and y € C 2 d A -f- y. 
By definition of h, it follows that 


A(A -I- X -j- y) = A(A). 

Thus by theorem (2.4.2) it follows that Z? = (£?,I) is a ditroid. O 


2.6 Different Operations on Ditroids 


In this section we define various operations, that is deletion, contraction, reflection and 
restriction (or projection) on a ditroid, and will show that the new diset systems, again 
define ditroids. Let D = {E,I) be a ditroid on E, and h be its rank function. 
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2.6.1 Deletion 


Let S Q E and = E/S. Define in the following way: 
f A : A £X and ADS = <l> 

I i4' : 3 A € X such that A' C A and Af) S ^ (f> but C\S = </>. 

This is called deletion of D with respect to S. 

Now we will show that J^) is a ditroid and is known as the deletion ditroid 

of D with respect to 5. 

Proof. <t> € X^. 

Let X* € and Y' C X'. We will show that Y' € X^. 

Since X' H S = <f> implies T' fl 5 = ^. This shows that Y' € X^. 

Hence satisfies (D2). 

Let X' and Y' € X^ be non-cancelling with |X'| = |F'| -|- 1. 

Since, X' and Y' € X^, implies X' and Y' € X. By (D3) there exists e € X'/Y' such that 
{Y' -h c) € X, and {Y' -h e) € X^. Hence X^ satisfies (D3). This shows that = {E^,X^) 
is a ditroid. □ 

Let us define as follows : 


h^iA) = { 


h{A) if A € X 

h{A/iS,<f>)) if A ex 


and A n 5 = ^ 
and A n S' ^ <l>. 


In order to show that h^{A) is the rank function for the deletion ditroid we need 
only to verify that is bisubmodular on D{E^). 

For A, Be D{E% 

h^{A)^-h^{B) = h{AI{S,4>) + h{BI{S,</>) 

> h{^A\ U BifS U A2 U ^2)? A2 U B2I S U A\ U -Bi)) 

•]"h(^Ai n Bi/ A2 n B2I 
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= h^{AUB) + h^{AnB). 

This shows that is bisubmodular. □ 

Oracle for the deletion ditroid can also be constructed from an oracle for D. 

2.6.2 Contraction 

Let S CE, define Is as follows : 

J 5 = {y € D{S) : 3 a maximal diset X € D{E/S) such that X U K € J}. 

This is called contraction of D to S. Next we will show that 0$ = iB,Is) is a ditroid, and 
is known as contraction ditroid of D = (E,T}. 

Proof. <l> € Is- 

Let Y CX and X € Is, we will show that Y € Is- Since X € Is, hy definition there exists 
a diset A € D(£?/5), which is maximal, such that XuA^I. 

WehaveycX =J^yc(JfuA). 

Either >4 is a maximal diset belonging to D{E/S), for which y U v4 € T or /I is not maximal. 
In case A is not maximal it is always possible to augment A io A' ^ D{EfS) which is a 
maximal diset in D{EfS) such that y U A' € T. Hence Y € Is- 

Let X, Y E 1$ be non-cancelling with |X| = |y| -f 1 . So there exist two maximal disets 
A, B € D{EIS) such that 

X U A € J and YU Bel- 

This ^ves X, y € J and by (D3), we can augment y to y -f e, such that (y 4 - e) € J and 

e e x/y. 

Now, either B will be a maximal diset belonging to D{E/S), for which {Y + e)U D elor 
+ c) U B ^ I. In the latter case, there exists a circuit C C (B -f e). Drop some e' € C- 
Then (y 4- e) U {Bje') € I. If B/ e' is a maximal diset belonging to D{EfS) we are done, if 
not, we can always augment B/e' to some B' € D{E/S) such that (y 4- e) U B' € I, and B' 
is a maximal diset belonging to D{E/S). Hence y 4 - e € I 5 . So Is satisfies (03). 

This proves that D = (B,Is) is a ditroid. □ 
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Let, 

f^s{Y) = max {\X\ : X e Is]- 

From the definition of contraction we have, hs{Y) = h(Y). Hence hs is the rank function of 
the contraction ditroid Ds = {E,Is). 

Oracle for the contraction ditroid can also be constructed from an oracle for D. 


2.6.3 Reflection 


Let S Q E. For each X € D{E), let X' be the diset of E, obtained by reflecting X with 
respect to the elements belonging to S, that is X'{e) = X{e) e ^ S and X'{e) = -X{e) 
if c € 5. 

This is known as reflection of D with respect to S. 

Now we will show that D' = (E,I'), that is reflection of D with respect to S, is also a 
ditroid, where 

T={X' : Xe I}. 


Proof. ^ € T. 

Let X' € I' and Y' C X', we will show that Y’ £l' . 

Since, X' € I', there exists X £ I, such that X' is its reflection. We can choose a subset 
Y C X such that Y' is its reflection. This implies Y' € I'. Hence, I* satisfies (D2). 

Suppose Y', X' € T with \X'\ = jy'l + 1 and are non-cancelling. Then thesre exist X,Y £l 
with lA”! = |F| + 1 and X and Y are non-cancelling. Using (D3), we find a new diset Z € I, 
where Z = Y + e and e € X/Y . So e € X’/Y\ 

Now, y' -k e is the reflection of y -|- e, since, if e € <S, then sign of e is changed in y -f e, 
and if e ^ S sign of e does not change. And y + e € T. This shows that y' -f e € T. Hence 
D’ = (£,r) is a ditroid. □ 


If we define h! as ; 

h'(A') = h{A), 


where A' is the reflection of A with respect to 5, then it can be easily 


verified that h' is the 
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rank function of D' = {E,X*). 

2,6.4 Restriction or Projection 

Let r 6 define JT = {>inT : J}. 

This is called the restriction (or projection) of D on T. 

We will prove that Dj = (r, Jt), which is the restriction (or projection) of D on T, is a 
ditroid. 

Proof. It is clear that Xj is a subfamily of X and it can be easily verified that it will 
satisfy the three ditroid axioms. And ^^(A) = ft{A fl T), will be its corre.sponding rank 
function. O 

2,7 Some Special Kinds of Ditroids 

2.7,1 Composition of Ditroids 

In this subsection we will discuss two types of compositions of ditroids. 

(1) Let Do = {E,Xo) and Di = {E,Xi) be two ditroids, define X as follows: 

I={A = AoUAi : >lo€2b,Ai € Ji and AoHAi = Aon(-Ai) = ^}. (2.7.1) 

Theorem 2.7.1 D = {E^X) is a ditroid, i.e., composition of two ditroids is again a 
ditroid. 

Proof. Clearly ^ € J. 

Let K C X for A" € J. We will show that K 6 T. 

Smce Jf 6 I implies there exists X, 6 2i and X, € I. such that X = X,V X, and 
.Vo n JT, = Xo n (-AT,) = f Choose VJ and K. in the following way: 

lo = rnA:o and Yi^Yr\Xi. 
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Since 2o and I\ are the collection of independent disets of ditroids, Yq G 2o? Yx € X\ and 
Ko n y, = Ko n (-y) = 4 , and y = yoU y. Thus y € X 
To prove (D3), let X^Y € J be non-cancelling with jX] = |y| - 1 - 1. 

X and Y el, implies there exists Xo, Xi, Yq, Yi such that Xo, Yq € 2o and Xi, y G Ti 
and XoflXi = Xon(-Xi) = <f> and yny = yon(-y) = ^ andX = XoUXi, y = youy. 
X and y non-cancelling implies Xq and y, and Xj and y are non-cancelling. 

Since |X| = iy| -h 1, either |Xo| > |y| or |Xi| > |y |. 

For definiteness, let |Xo| > jlol. 

From corollary (2.3.1) there exists at least one Ci G Xq/Yq such that y -|- ej G To- 
We have two cases. Either ( 1 ) ei ^ y or ( 2 ) ei Gy. 

case (1) Cl ^ y, 

then y^ = y -1- Cl G To and y G Ii 

also yj n y = y^ n (-y) = 4 . 

Therefore y^ = y -|- Ci G T. Hence I satisfies (D3). 
case (2) Ci G y. 

Let y = y -F- Cl G 2 oj then y H y ^ and Y = (y -f- Ci) U y = (y U y) i.e., no 
augmentation has taken place. 

Now, drop Cl from y that is let y' = y — Ci G To and let y = y -f Ci G To. 

If |Xo| > ly 1, then there exists an C 2 G Xo/y , such that 

y = y + e 2 G 3 o 

If C 2 ^ y-^, we are done. But if G y', then drop 62 from y^, let Y^ = y^ — 62 and 

y = y + 62 . 

This process may get repeated at most |Xo| — |y| = r times, without any augmentation. Let 
y = (yuy’’), at the end of this process. Since jXol = ly], this implies that |Xil = jyi + l. 
By a.xiom (D3), there exists c^+i G XilY{ such that y*” + Cr+i G Ti. 

Two sub cases are possible. Either (i) Cr+i Yq , or (ii) Cr+i G y’’ . 

sub case (i) e^+i ^ Yq. 

In this case Z = (y U Y{ + Cr+i) G T is the required augmenting diset of Y . 
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Hence, X satisfies (D3). 
sub case (ii) € Vq . 

Here ^ 0 ” H (IT + Cr+i) ^ and F = Vq' U (Y{ + Cr+i) i.e., no augmentation takes place. 

Let {xi,X 2 ,‘'-,^p} = ^o/Vq and {^ 1 ,^ 2 , • • • 

Since, \Xi\ = |1T| + 1 there exists c,+x € Xi/Y{ such that Y{ 4- e,.+x € Tj. 

And Cr+i is one of y/’s for j = 1 to q. 

For convenience, let Cr+i = yi. 

Add e^+i to Y{, and drop Cr+i from 1^5 he., Fi’”*'* = Y{ + c^+i, and — ^r+i- 

:^ow lATil = |Fi^+'l, and |Xol = |Fo^+^| + 1, 

md the set, XofYo'^^ = XofY^ but Xi/Y{'^^ = {y2,y3,* • • >y?}- 

Since |Xo| = + 1, there exists er +2 € Xo/Y^' such that Fo’‘+^ + e ,+2 € Xe- 

i e ,+2 ^ we are done, otherwise we add Cr+a to and drop e^+j from Fi’“^^ that 

sFo^+* = Fo^+^+e,+2and Y{^^ = Y{^^ - €^^ 2 - 

Ulearly, e,+2 imist be one of x,’s for i = 1 to p. 

.et c ,+2 = x\ and the set, A’i/Fi’'+^ = Xi/Y^^^ but Xo/FJ"*-^ = { 2 r 2 ,a- 3 ,- • • 

^d |Xo| = |3T+"|=4^|Xi1 = 1Fx’-+^| + 1. 

Ne alternately keep adding and subtracting elements from Vq and Y{, till an augmentation 
akes place either in or IT- Hence X satisfies (D3). □ 

We define the rank function of D, in terms of the rank functions of Dq and £>i. 
let ho, hi and h be the rank functions of Dq, Di and D respectively, then 

= min { hoiY) + hi{Y) + jX/Fj}. 

Vie will show that h satisfies the ditroid rank theorem. 

*roof. 

;i) h{<i>) = min { ho{Y) + hi{Y) + \<f>/Y\}. 

lut ^ C ^ =» h{<l>) = ho{<i>) + hi{<i>) + \<f)\ = 0. 

i) Let YCX, then 

M^) = mm{ + |F/B| } 



39 


— ho{B*) + hi(B*) + \Y/B*\ for some B* C Y. 

And 

H^) = min {M^) + ^i(^) + |A'/Al} 

= ho{A*) + hi{A*) + \X/A*\ for some A* C X 
> ho{A*) + hi{A*) + |y/A*|, (2.7.2) 

since \XIA*\ > \YIA*\. 

In case A* C K, by definition of h 

KY)<K{A*)-\.h,{A*)^\YIA*l 

and if K C A*, then B* C A* and from monotonicity of Kq and Ai, we get 

/io(A*) + /u(A*) + |F/A*| > ho{B*) + + |r/B*l. 

Now from (2.7.2) we get 

h{X) > Ao(B*) + h^{B*) + \YIB*\ = ft(y). 

Hence if ycx =}^ h(X) < h{X). 

(iii) Let X and Y be any two disets of E. Then, 

hiX) + h{Y) = ^^mm^^{ho{A) + hM) + ho{B) + h^iB) + \X/A\ + \Y/B\} 
= hoiA*) + fti(A*) + hoiB*) + h{B*) + \X/A*\ + \Y/B*\ 
for some A* C JV and B* C Y 

> hoi A* U B*) + hoiA* n B*) + hi (A* \JB*) + hi(A* D B*) + 

\iX/A*) U iY/B*)\ + \iX/A*) n iY/B*)\ 

= ho( A* U B*) + ho( A* nB*) + hi (A* U B*) + hi ( A* n B*) + 
\ix u y)/(A* u H*)| + \ix n y)/(A* n B*)\ 

> hixuY) + hixnY), 

since A* U .H* C U y and A* fl C A H y. Hence h is bisubmodular. 

(iv) Since h(A) = min { ho(y) + hi(y) + |A/y| }, 
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Putting Y = (l>, gives ^(■^) ^ ^o(^) + + |^|, i-e. k(X) < |.V|. 

This shows that h satisfies the ditroid rank theorem. □ 

(2) Let Do = {Eo,Io) and Di = (£i,Ti), be two ditroids, and let E = EqAE^, and 
S = EoD El. Define J as follows: 

I = {/loA>li : y4o € 2o, Aj € Ii, and Ao\s = Ai|s, i.e., Ao and Aj agree on S’}. (2.7.3) 


Theorem 2 . 7.2 D = {E,T), where J as given in (2.7.3), is a ditroid. 

Proof. Let <j>Q and <f>i denote the null disets of Dq and Di respectively, and ^ol s = s, 
so <j>oA4i = <i> Q. I. Hence J satisfies (DI). 

Let Y C X and X We will show that Y also belongs to I. 

Since X implies, there exists Xq^Xq and Xi € Xj, 
such that Xols = Is and X = XqAXi. 

FCA' =$► rcjVoAXi. 

Let us define T^= {e : e e £o hF} and F = {e : e € HF}. 

Clearly Yq C Xq/S and Yi C Xi/ S and F)| s = Ft] s == ^. Also YqC Xo =» Yq £Xo and 
YiCXx =» F € Ji. So y = FAF € I. Hence X satisfies (D2). 

Let X and y be two distinct disets belonging to X, and be non-cancelling with jX) = |yj -j- 1 . 
We will show that there exists e^XjY such that y -f e € X. 

Since X, Y ex => there exists Xq, X^ F, F where Xq, F € Xo and Xi, F € Xi such 
that X = XqAXi and Y = FAF with J^ol 5 = ^il s and Fj s = F | 5 . 

Without any loss of generality, let Xo| 5 = A"!! s = (^ and Fj s = FI s = 4 >. 

Since X and y are non-cancelling, Xo is non-cancelling to F and is non-cancelling to 
F- Again |X| = (y| -I- 1 , implies either |Xo| > (FI or |Xil > |F|. 

For definiteness, let |Xo( > IF]. 

rhea lh«e exists C such that |Xi| = Ird + 1, by (D3) there exists e € X'JYo such 

shat 1? = li + e € and IJI s = r,| s = ^ and V, € I, 

^ y = y -f e = F^F € X, where e e XfY. 

Thus X satisfies (D 3 ). □ 
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Let ho and hi be the rank functions of Dq and Di respectively and h be defined as 
h{A) = ho{Ao) + hi{Ai) for all A € D{E), 

where Aq and Ai are subsets of A and A^ = Ar]Eo and A^ = Ar\Ei. We will show that h 
is the rank function of D = {E,2). 

Proof. (i) Clearly h{<f>) = ho{<f>o) + hi(^i) = 0. 

(ii) Let Y C X, ajid A", V € D{E), we have to show that h{Y) < h{X). 

Since X,Ye D{E), there exist Xo, Xi, Yq, Yi such that 

YoQXq Yi CXi 

and X = (XoAXi) = (Aq U Ai), Y = {YoAYi) = {Yo U Fj) 
where Aq, Yo € D{EolS) and Ai, Fi € D{Ei/S). 

So h(F) = ho{Yo) + hi{Yi) < hoiXo) + hiiXi) = h{X). 

(iii) We will prove that, h is bisubmodular on D{E). For A, F 6 D{E) 

h{X) + h{Y) = hoiXo) + hi{Xi) + ho{Yo) + hi{Yi) 

> ho{XoUYo) + ho{XonYo) + hiiXi\JYi) + hi{Xif]Yi). (2.7.4) 

Now 

AUF = (AoUAi)U(FoUFi) 

= (AoUFo)U(AiUFi) 
and APlF = (Aq U Ai) fl (Fq U F,) 

= (AonFo)U(AinFa). 

So, 

h{X U F) + h{X n F) = h{Xo U Fo) + h{Xi U Fi) + h{Xo n Fo) + h{Xi n Fi). (2.7.5) 

(2.7.4) and (2.7.5) gives h{X) + h{Y) > /i(AUF) + h(AnF). Hence h is a bisubmodular 
function. 

(iv) From the definition of h, h{X) < |A|, for all A € D{E). 

Hence the proof. □ 
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2.7.2 Perfect Ditroids 

Definition 2.7.1 [44]. A ditroid D = (£,I) is a perfect ditroid if and only if, its base 
family B is of the form 

B = {B - (Bi, jBJ) for some Bi C E}. 

We will now give two examples of perfect ditroids. 

Example 2.7.1 Let M = {E,S) be a matroid and B"* be any base of A/. Define 

I={{Ai,A 2 ) : AiCB”^ and A^ C E/B^}. 

We will show that D = (B,X), where X is defined as above, is a ditroid. 

Proof. Clearly <j> £X. Since <f> C B”* and <)> C EfB”^ =^>- <f> = {<f>, <f>) € X. 

Let Y CX and X EX,we will show that F € J. Since, X = (Ai, AlTj) € X implies there 
exists a base B"* of M such that 

Xi C B"* and X 2 C B/B"*. 

And F = (yi,ya)cA- = (Art,Arj) 

YiCXi and Fj C X 2 
Fi C B"* and Fa C B/B’" 
i' = (Fi,F2)€l. 

Hence X satisfies (D2). 

Let X and F belong to I be non-cancelling with \X\ = |F| -H 1. Since X = (Ai, Aj) and 
F = (FijFa) belong to X, there exist two bases B^ and Bj* of M such that Aj C Bp and 
Aa C B/Bp and Yi C Bp and Fa C Bp. Now, let e^XjY. 

case (1) e € Aa. Add e to Fa and let Y^ = Fa 4- e. If c ^ Bp th<;n Fj C Bp and 
Yi C B/Bp 

r = (Fi, Yi) € X and [A] = 1F'|. 

But if c € Bp, then Bp = (Bp/e + e') is a base of M, for some e' € EfB^, and 
Fi C Bp and Kj' = Fa -I- e C B/Bp 



=4. r = (y„nO€2. 

Hence J satisfies (D3) in case-1. 
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case (2) When e € Xi and there is no e' € XjY such that e' G X 2 - 

Since X and Y are non-cancelling, this implies that Xj C that is, 1 X 2 ! < 1121 and 

And Xi, yi € »J, so by the augmentation axiom of matroids there exists e € X\[Y\ such 
that Yl = Yi e ^ . Now, it is enough to show that Y{ is a subset of some base of M and 

y^ is a subset of the compliment of the same base. 

If e € , then Yl-=Y\-\- eQ and we are done. 

Let e ^ BJ* , then there exists a circuit C o{ M contained in -t- e. And there exists an 
t' ^ C such that e' ^Y\, otherwise Y\-\-t will not be an independent set of the matroid M. 
If B^ = {B^ + e)/e' then BJ* is a base of M and Fi + e C BJ‘ and Y 2 Q E/B^. 

So 

Y' = iYi + e,Y 2 )€l and \X\=\Y'l 
Hence I satisfies (D3). This shows that D = {E,X) is a ditroid. □ 

From the above discussion, we can say that \i X = (Xi,X 2 ) € 2 then X\ ^ J and 
X2 € J* where M* = {E,J*) is the dual of M = (B, J). 

Let r and r* be the rank functions respectively of M and M*, and h be defined as 

h{X) = h{Xi,X 2 ) = r(Xi) r*(X 2 ), (2.7.6) 

where r and r* satisfy the following relationship [53], 

r*{A,) = \A,\-r{E) + r{Al). (2.7.7) 

Theorem 2 . 7.3 h as defined in (2.7.6) satisfies the ditroid rank theorem, for the ditroid 
D = (B,2), defined in example 2.7.1. 

Proof. h{^) = h(^, ^) = r{4>) -f r*(^) = 0. 

Let y = (yi,y2) cx = {Xi,X2). since Yi CX1Y2C X2 
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h{X) = kiX^,X2) = r(Xi) + r*{X,) > r(r,) + r*iY,) = F^) == hiY). 

Also 

AW = AW,Xj) = rW) + r*(X 2 ) < !^i| + IATjI = |X, U = |.Y|. 

We show that h is bisubmodular on D(E). 

Let X = (XifXi), Y = (lijla) € D(jB), then using the relation (2.7.7) we have 
h(X) + k(Y) = h{XuX,) + h{Y„Y,) 

= r(Jf,) + r*(X2) + r(y,) + r*(n) 

> r(X, U n) + r{X, n K.) + |X,| - r(£) + r(A'|)+ 

mi - r(JS) + r(J?) 

> r(Xi U yO + r(Xi n n) + lATj U KjI + l-Yj n VjI - 2r{E)+ 

r(Jfsuy?) + r(Jfsny?). ( 2 . 7 . 8 ) 

Again we have, 

h{x u y) + h{x n y) = A((jYx u yi)/(X3 u n), {x^ u ya)/{ A"! uyi))+ 

A((A,nyx),(Aanya)) 

= r((Ai U yx)/(A2 U Fj)) + r*({A2 U y2)/(A, U y,))+ 
r(Axnyx) + r*(Ajnyj) 

< u Fi) + r(Ai n Fx) + r*(Aj U Fj) + r*(.Y2 n Fj) 

= K^iUFx) + r(AxnFi) + |(A2UF2)|- r(£)+ 

r((A2 U F 2 )') + 1(A2 n F2)| - riE) + r((A2 fl Y 2 Y) 

= r(Ax U Fx) + r(Ax n Fx) + KAj U Fj)! + KAj H Fa)]- 

2r(E) + r(A| n F/) + r(A| U F/). ( 2 . 7 . 9 ) 

50 from (2.7.8) and (2.7.9) we see that h is bisubmodular on D{E). Hence k satisfies the 
litroid rank theorem. □ 

Lei^a 2.7.1 For the ditroid D defined in example (2.7.1), if /? = (Bu B^) is a base of 
D then 5x is a base of M, and = EjB^ is a base of M\ 

Proof. Let B be a base of D, and suppose B^ is not a base of M. 
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Since B = (Bi,B 2 ), implies there exists a base of M such that B^ C B'^ and 
B 2 C E/B^. 

Since Bi is not a base of M , implies |Bi| < so we can augment Bi to B[ such that 

B[ C B'^ and B^ C E/B^S' 

=4- B'={B{,B2)eI and \B'\ = \B\ + l. 

Which contradicts the fact that, J? is a base of D. Hence the lemma, □ 

Thus, we conclude, that the base family of the above ditroid is of the form 

S = {(S, B‘) : B £ J and B is & base of M }, 

since all the bases of M have the same cardinality, all the bases of D also have the same 
cardinality, and a base F of Z? has the form {Bu B^) for some Bi, base of M. 

Example 2 . 7.2 Given a matroid M = {E,J), it is possible to obtain another perfect 
ditroid, which has the perfect ditroid of example (2.7.1) as its sub-family. Define 

I = A 2 ) : AiQI £j a.nd A 2 C EfI}. 

Then D = {E,I) is a ditroid. 

Proof. To show that the ditroid axioms (Dl) and (D2) hold, the proof is same as in 
example (2.7.1). We need only to prove that the ditroid axiom (D3) is satisfied. 

Let X,Y € T be non-cancelling with |X| = \Y\ + 1. There exist E and P belonging to 
J such that XiCI\X 2 C E/I\Yi C P and Y 2 C E/P. Let e € X/Y. 

case (1) e € X 2 . 

Since e ^ 1^, we can add e to Y 2 , and if P, then Yi C P and 12 -f e C E/P and axiom 
(D3) holds. 

But if e € then choose P = P/e and li C P, Y 2 Q E/P, and again (D3) holds. 

Thus Y can always be augmented by adding an element from X 2 . 

case (2) There is no e 6 X/Y such that e € X 2 . 

Given X and Y are non-cancelling this implies that 
X 2 CY 2 => |Xi|>|lil. 
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Thus there exists e € XxjYi such that Y\ e £ J . Let = Vi + e. Then since Y^ C 
Elt^, (yi + e,y2)€l. 

Hence D = {E,T) is a ditroid. □ 

Let h be the rank function of D and define it in the following way. 

h{X) = h{XuX^) = max{in U ^ : {Yx,Y,) C and (K^n) € J}. 

If r is the rank function of M, then the relation between r and k is the following: 

A(JY) = /i(Xi,JY2) = r(.Y,) + 1^2|. 

It can be easily verified that k satisfies the ditroid rank theor<‘m for I) = {E,I), since h is 
the sum of a submodular and a modular function. 

Base family B of the above ditroid D = {E, I) is of the form : 

B = {{I,P) : /€J}. 

Hence the ditroid D = (E^T) is a perfect ditroid. 


2.7.3 Dual of a Ditroid 


Let D = {E,I) be a ditroid. We define I* as follows: 

^={^* = (^ 2,^0 : X = iXuX,)£ll 

Theorem 2.7.4 D* = {E,I*) is a ditroid, and we call this ditroid as the dual ditroid of 
D. 


Proof. Since ^ € I by definition <t> = (^, >f>) g Hence I* satisfies (Dl). 

Let Y C X foT X* £ X*. We have to show that Y* € X*. Let Y* = {Y^ Yi) 

X = (^ 2 ,Xi) € I*, for A- = (Xj, Xj) e J, and y* =r {Y^.Yx) C X* implies 
^ = (Yu Yi) C X. Since {Yi, Yi) £l,Y* = (Yi, Yi) e I*. 

Let and y* be two non-cancelling disets of I*, with |.Y1 = \Y^\ + l. Since Y and 

y satisfy (D3), it is evident that Y* and y* will also satisfy (D3). Hence /;* = (E,^) is a 
ditroid. □ 
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Let h and h* be the rank functions of D and D* respectively. Then h*{X 2 ,Xi) = 
h{X^,X2). 

Proof. 

h*{X^) = h*{X 2 ,Xi) = inax{|r*| : T* C A"* and y* 6 J*} 

= max{|y 2 U yi : (Kj, Yi) C X* and {Y 2 , Fi) 6 J*} 

= inax{|y,uy 2 | : (yi,y 2 ) C (Xi,X 2 ) and (y^Fs) € J} 

= max{|y| : F C A" and F G 1} 

= h(XuX2) = h{X). 

So, h* satisfies the ditroid rank theorem. □ 

By definition of the dual ditroid D* it is evident that dual of D* = {E,T) is again 

I>= (£;,J),i.e., D** = D. 

& 

2.8 Relation Between Ditroids and Some Other Sub- 
set Systems 

In this section, we relate ditroids with subset system^ like symmetric matroids, oriented 
matroids, generalised matro’ds and linking systems. 

2.8.1 Pseudomat roids and Ditroids 

Qi [44], established the relation between ditroids and pseudomatroids. He showed that, there 
is a one-to-one correspondence between pseudomatroids P = {E,T) and perfect ditroids 
D = where Z is defined as : 

Z = {(X, F) : XCF,YC E/F for some FeF}. (2.8.1) 

For the pseudomatroid P = (£,Z), the rank function b is defined as [7], 


6(A',F) = max{|A'nFl-|Fni=’| : FeF}. 


( 2 . 8 . 2 ) 
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The rank function h of the corresponding perfect ditroid D is giv<‘n by 

h{x,Y) = h{x,Y) + |y| = r(r, A') + |A'i, (2.8.3) 

where h* is the rank function of the dual pseudoniatroid of P = (P, J^). 

It can be shown that generalised matroids and linking systems are also pseiuiomatroids, 
hence the corresponding perfect ditroids can be obtained from these suh,s<*t systems too. 

2.8.2 Symmetric Matroids And Ditroids 

Consider a finite set E, and a partition ir of E into 2-eIement classtvs, calletl the .symmetric 
pairs. Any subset T C E will be called a transversal (subtransversal) of jt, if it contains 
precisely one (at most one) element of each symmetric pair. Two subtransversals Ti and Tj 
will be compatible if Ti U Tj is also a subtransversal. A transversal system with respect to 
TT IS a subset system E' = (E,T) whose feasible sets are transversals of x. And 

E* = {ACE : A C r for some T € T}. (2.8.4) 

Definition 2.8.1 The transversal system E' is a symmetric rnatroid, if the indei«*ndence 
system P' H T is a rnatroid for every transversal T ^T. 

EDr each pair in t, order the elements aa first and second. Now for each set :i e E',we 
tan define a diset (4„ As), where the elements in A, are coming from the first element class 
Mid that of A 2 belong to the second element class of ir. 

Oefine 

^={(Ai,A2) : I=AiUAj€P'}. (2.8.5) 

Then D = (P,I) is a ditroid. 

rhis can be shown by using the following lemma in [43]. 

henonra 2.8.1 The system D = (£, I) is a ditroid if and only if for any n dinmnsional 
-I) vector n, M(n) = {£.!(„)), r(n) = {X : AT € I, X C n) f„r.„. a matmid. 

We prove that fl = (E.I) is a ditroid in the following way. 
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Proof. {4, <i>) € J. 

Let {Y\^Y 2 ) C (Xi,X 2 ) and X = (Xi,X 2 ) 6 I. Since € I, X £ E'. And Y C X, implies 
Y € E'. This Implies y' = (Ti,!^) € I. 

If (LijT 2 ) and (Xi,y|f 2 ) € T are non-cancelling and |(A^i,A’ 2 )l = |(yi,y 2 )|-|-l, there exists 
an e € X lY such that Y -it e£E\ implies T -f- c € J where eeXfY. Thus D = {E,X) is a 
ditroid. Hence the lemma. □ 

2.8.3 Oriented Matroids and Ditroids 

Bland and Vergnas [3], developed the theory of Oriented matroids. 

Let be a finite set and 0 be a set of directed subsets of E. The subset system 
M' = (J?, 0) will be a oriented matroid, if 0 satisfies the following properties. 

(1) For all X € 0, X ^ <l> implies —X € 0; and for all X, T G 0. Y C X implies 
X = ±Y. 

(2) For all A" = (Ai, A 2 ) and (> 1 , 12 ) € 0, such that A —Y and for all 

e € (Ai n 12 ) U (A 2 n Y\) and e' € (Aj/l^) U (A 2 /I 1 ), there exists Z = {Z\, Z 2 ) € 0, such 
that 

Zi c (Ai U yo/c, Z 2 c (A 2 U y 2 )/e and e' € Z. (2.8.6) 

If M' = (E,0) is an oriented matroid with 0 as the collection of its circuits, then the 
unsigned circuits of 0, denoted by 0, define a unique matroid associated with the oriented 
matroid (E, 0). That is 

I={I : C g / for all C € 0}, (2.8.7) 

is the set of independent sets of (E,0), and 

J={A : AgI}, 

are the independent sets of the matroid (E, 0). Note that if C G 0 then —C € 0. If r' and 
r denote the rank functions of (E, 0) and (E, 0) respectively, then 

r'(Ai, A 2 ) = max{|yi U y 2 | : (Yi,Y 2 ) C (Ai, A 2 ), (^,1^) € X} = r(Xi U A 2 ). 
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Since {E, 0) is a matroid, r is submodular. Hence it can he sliown that r' is hisubniodular 
We now show that D = {E,I) satisfies the ditroid axioms. 

By definition of Z, (Dl) and (D2) are satisfied. 

To show that the third axiom (D3) is also satisfied, let X, K € J be non-cancelling and 

\Y\ = 1^1 + 1. 

If X -f e ^ Z for all e G Y/X, this implies that -f e ^ T, for all e € F/Y. 

This is a contradiction, since M = (£?,©) is a matroid and Y, F € Thu.s D = {E^T} h 
a ditroid. 

In fact oriented matroids are self-dual ditroids. 



Chapter 3 


BISUBMODULAR SYSTEMS 


3.1 Introduction 


We devote this chapter to the study of bisubmodular systems. Polyhedral characterization 
of a bisubmodular system and some other bisubmodular polyhedra; like ditroid polyhedron, 
g-polymatroid etc. are discussed in the second section. Condition for a bisubmodular poly- 
hedron to be non-empty is given and different operations on bisubmodular polyhedron, are 
discussed which help to generate new bisubmodular polyhedra. 

In section three, the formal definition of generalized greedy algorithm (gga) is given and 
the generalized greedy solution (ggs) of an LPP with respect to a bisubmodular polyhedron is 
obtained. We show that all bisubmodular polyhedra have the total dual integrality property, 
and in case the function / defining the bisubmodular polyhedron, is integer valued than all 
extreme points of the polyhedron are also integer vectors. Greedy solutions of the other 
bisubmodular polyhedra are discussed in section four. 

In section five, we briefly review the results on jump systems and their relationship with 
bisubmodular polyhedron from [6]. We then consider the (0, ±1) extreme point bisubmodular 
polyhedra and define greedy systems as the collection of (0, ±1) vectors of such polyhedra 

and show that greedy systems satisfy a 2-augmentation property and that ditroids are greedy 

CENTRA! I 
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systems. 


3.2 Bisubmodular Polyhedron 

Let E — {ei,e 2 ,...,en} be a finite set with cardinality n, and D{E)^ denote the collection 
of directed subsets ( or, disets ) of E, i.e. 

D{E) = : XxQE XiQE and Xi f) Xj = 4>). (3.2.1) 

We have already defined a function / : D{E) — to he a hisuhniodular function if it 
satisfies for any (Xi,X 2 ), (ii,y 2 ) € the following condition, 

f{Xu X2) + fiYuYi) > f{Xi n Yi,X2 n Y^) + fiiXi u yi)/{X2 u n), (-^2 u v^yiXi u vi)). 

(3.2.2) 

The bisubmodular polyhedron associated with / and D{B) is the following : 

P/ = {xer : x{Xx,X 2 )<f{XuX 2 ), forall € /){f:)}. (3.2.3) 

These polyhedra were first introduced by Dunstan and Welsh (14), 

3.2.1 Submodulax Polyhedra and Polymatroids 

It can be immediately seen that if f is a submodular function on E and = 0, then 
/ defined by f{A,<f>) = f*{A), for A C fj and f{A,B) = oo, for B 51 ^ is bisubmodular. 
Bisubmodular polyhedron Vj associated with / will reduces to 

: x(A)< /(A), forall ACB}, (3.2.4) 

which is the submodular polyhedron associated with /'. 

Ilf is non-decreasing and submodular and if /(A, <j>) = /'(A), for A C E and = 0 

for i € B and f{A,B) = 00 , otherwise, then / is again bisubmodular, and Pj reduces to 

{ a: 6 : z(A) < /(A), for all A C B }, 


(3.2.5) 
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which is the polymatroid associated with /'. 

3.2.2 Base Polyhedron 

The base polyhedron [26] 

B6 = { ® : x{A) < b{A), for all ACE, x{E) = b{E)}, 

is the same as Vf, where 

f{A,B)=b{A) + b{E/B)-b{E), 
is again a bisubmodulax function on D{E). 

3.2.3 g-polymatroids 

Another, more general, class of bisubmodular polyhedra consists of Frank’s [22] 
g-polymatroids, defined as, 

Q = Q{Pi^) = { ic € Sii’* : —p{A) < x(A) < 5(A); for all ACE}, 
where p and 5 are submodular function on E, and p and b satisfy the relation 
5(X) + p(y) > b{X/Y) + p{Y/X) for all X, Y C E. 

Let us define 

/(A,B) = 5(A) -f- p{B) V A, BCE, and An B = <t>, 

that is 

f(A, = HA) and /(d. B) = HB), itH'f) = fK^) = 

Then / is bisubmodular, and Q(p, 5) = V/. 

Also if 

= {A C E : A is a generalised matroid}, 
then “Pf is the convex hull of the characteristic vectors of the subsets in P. 


(3.2.6) 

(3.2.7) 

(3.2.8) 

(3.2.9) 

(3.2.10) 

(3.2.11) 

(3.2.12) 
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3.2.4 Pseudomatroids 

The concept of pseudomatroids was introduced by Chandrasekaran and Kai>a<}j, [7]. Yhey 
gave the polyhedral characterization of pseudomatroids as, 

xiA,B) < biA,B) for all {A,B) € D{E), (3.243) 

where b ; D{E) -♦ 3 ft is an integer valued, bisubmodular function on I){E) satisfying the 
following conditions : 

1. 6(<i,^i) = 0 

2 . 6(ef, ^) = 0 or 1 for all e,- € E 

3. {ACC-, DCB-, (X,B), {C,D)€D{E)] =>■ HA.B) < b{C. !)). 

They showed that the eldreme points of the poly tope (3.2.13) are preeisely the characteristic 
sectors of the independents sets of a pseudomatroid on B, whose rank function is b. 

3.2.5 Perfectly Matchable Subgraph Polytope 
Is* G = ( V, £) be an undirected graph. Define 

^^-(S : 5CVand G<S> has a perfect matching). ( 3 . 2 . 14 ) 

Then (V,y) is a nvatching pseudomatroid, and its rank function p is given by 

p(A, B) = niaxd.Y n A| - |Y n fl|). ( 3 , 2 . 15 ) 

It cui be easily shown that p(A, B) satisfies the following conditions : 

1. p(^,^) = 0 

2. p{ei, <f>) = Q or 1 for all e,- € E 
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3. {ACC-, DCB-, {A,B), {C,D)eD{E)} p{A,B) < piC,D). 

Hence the corresponding polytope 

x{A,B)<p{A,B) (3.2.16) 

is a pseudomatroid polyhedron and is also called the perfectly matchable subgraph polytope 
[1]. It is the convex hull of the characteristic vectors of perfectly matchable subgraphs of 
G = (V, E). 


3.2.6 Degree Sequence Polytope 


Peled and Srinivasan in [41] describe the degree sequence polytope in detail. We show 
here that the degree sequence polytope is a bisubmodular polyhedron, by showing that the 
function defining this polytope is bisubmodular on D{V), where V is the node set. 

Let G = (V, E) be a simple graph, the convex hull Z)„ of the degree sequences of G is 
the solution set of : 

x(.A, B) < f{A, B) for all (A, B) € D(V) 1 ^.n) 

> 0 for all u € V 

where f{A, B) = |>l|(n — 1 — |J5|) and \V\ = n. 

Theorem 3.2.1 / is a bisubmodular function on D{V). i.e., for any two disets {A,B) 

and {C,D) e DiV) 

f(A, B) + /(C, D) > MA, B) U (C, D)) + /{(A, B) n (C, £>)) (3.2.18) 

Proof. Let 


|AnC| = a 

|i4 n P| = 7 

[yll = a + 7 + a 

|C1 = a + ^ + c 


\BnD\ = ^ 
\Br)C\ = 6 
\B\ = ^-\-6+b 
|D| = ^ + 7 + d 
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where a = \Al{{A n (7) U (A H i))}| b= \Bf{{B H <7) U (/^ n /?) }( 

C = |C'/{(C'n A) u (C n 5)}| d = !£>/{(£> n A) u {/? n B))\. 

fiA,B) + mD) = („ - 1H|A! + ICi} - lAPI - ICPI 

= (n-l){ot + 7 + a + a + ^ + c} -(« + 7 + «)(^ + ^ + 
(a + 5 + c)(^ + 7 + <^) 

= (n - l){2a + 7 + a + 5 + c}~(cr + 7 + a)i$ + <5 + 6) - 
(or + ^ + c){fi + 7 + </). 

And 

f{(A,B)UiC,D)) + /((A,B)n(C,£>)) 

= (n-l){|AU(7/BUDf + |Anq} - 

{|A U C/B U £>|)(jB U D/A U Cj) - jA n C|j/^ n D\ 
— (^» — !){« + 7 + a + 5 + c ~ 7 — ^ + ot} -• 

(a 4- a + c){p + & + d) ~ Of/9 
= (n - l)(2Qt + a-fc)-{a4-a + r)(/i + i + d) - afi. 

(3.2.18) will be true if and only if, 

(n-l)(2Qr + a + c4-7 + d)-(Q, + T,4.a)(^^.5^jj^^^^^^^j^^^_j^^ 

> (n - 1)(2 q: + a + c)- (or 4-a + c)(/? 4. J 4. d) - 
iff, (”-l)(7 + ^) + a^-(Qr + 7 + a)(/3 + ^ + 6)-(a4.^ + c)(/?4..y4.d)+ 

(a + a + c)(y3 + 6 + d) > 0 

iff, (n - 1)(7 Ab)-\-oc^-a^-aS-hci- -afi- aS- 

<^f>-c^l3-ay~da~fi6~yS-d6~c0-cy-cd+ 
or/? + 6a + dQ + a^4-a6 + ad + c^+6c + cd > 0 
iff, ("-l)(T + <)-«<-cn-^7-27«-»«-h-O7-ff«4'«i + 6.>0 

M7 + «)-c(7 + <i)-ff(7 + «)+„., + M + ci + rf7 + „rf + 4„>0 
iff. + - 

®7 + W + cd + d7 + ad + 6c > 0 . 


(3.2.19) 
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li AUB\JC[JD C E, then 

in-l)~a-fi-‘y-S-a-b-c-d >0 

and since 

7^ + + 07 + M + ^7 + ad + 5c > 0. 

(3.2.19) is true. 

1{A\JBUCUD = E, then 

{n — 1) — a — ^ — 'y — S — a — b — c — d = —1, 
and (3.2.19) reduces to, 

—(7 + 5) + 7* + 5^ + 07 + 55 + c5 + ^7 + ad + 5c > 0. 

But 7 and S are integers, thus 7^ > 7 and 5^ > 5 and (3.2.19) is true. 

From the above theorem, we conclude that the polyhedron (3.2.17) is a bisubmodular 
polyhedron. □ 

In section 3.5.1 using 2-SA, we are able to give a simpler proof of the above result. In [12], 
Cunningham and Krotki define the b-matching u— capacitated degree sequence polyhedron 
and show that it is a bisubmodular polyhedron. 


3.2.7 Ditroid Polyhedra 

In section (2.4), we proved that if D = {E,I) is a ditroid, then h, its rank function is bisub- 
modular. The associated polyhedron Vh is therefore, a bisubmodular polyhedron. Latter we 
will show that Vh is the convex hull of the characteristic vectors of the subsets in I. 

Definition 3.2.1 For a vector x € P/, we say that a diset (A, B) is x-tight (or, tight) if 
x{A,B) = f{A,B). 

Chandrasekaran &: Kabadi proved the following lemma. 
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We will show that the condition is also sufficient by using induction on \E\. 

For \E\ = 1, 

Choose x(e) € (— /(<^,e),/(c,^)), then x(c) € Vj. Hence the condition is sufficient for 

lf;i = 1. 

Now suppose the theorem is true for k = \E\-l. Lei s € E and E^ = E/s. Define 
/l = f\E^- 

Since / is a bisubmodular function on D{E), fi its restriction to E^ is also a bisubmodulax 
function on D{E^). Hence is a bisubmodular polyhedron, and since the result is true for 
k = there exists a vector xi € such that Xi € Vf^. 

Let 


m 


min 

(X,B)€D(JS) 


ifi^E) - xi(A, B) 


« € A}. 


and 


M = 




We claim that m > M. 
s £ An D, and 


f{A,B) + fiC,D) > f{AUC/BuD,BUD/A\JC) + fiAr)C,BnD) 

> xi{A U C/B UD,B(J D/A U C) + xi(A nC,BnD) 
= xM/^^B)-\-x^{C,D/s) 

f{A,B)-XiiA/s,B) > x^{C,D/s)-f{C,D). (3.2.20) 


s^A seD 
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m>M. 

Now, define x € such that a:[£:i= Xi and x(v«i) € (Af.m). 

Thus there exists an x € Pj- 

If / is integral, then m, M will be integers and hence t{s) can he cluxsen an integer. 
Thus Vf contains integer points. O 

Since f{A,B) + f{B, A) > 2/(^, ^), a sufficient condition for P/ to be non- empty is that 

When / is a rank function of a matroid, a psi'utioniatroitl or a <!ilroiti the condition 
/(<^, <f>) is automatically satisfied, but when / is a defining function of a g pulymatroid. than 
by definition, we have 

/(A, B) b{A) + p{B) and 4>) = 0. 

Bisubmodularity of / implies that b and p are fully submodular on sub.sets of E and that p 
and b are compliant follows from bisubmodularity of / and f{4, 4') — 0- But (p, b) being a 
strong pair is a sufficient condition for Q = (p, b) to be non-empty. 

3.2.8 Different Operations On Bisubmodniar Polyhedron 

Bouchet and Cunningham [6] defined operations like reflection and restriction (or, projection 
) on a bisubmodular polyhedron and showed that these operations generate new bisubmod- 
ular polyhedra. We reproduce some of their results below. 

Reflection 


Let SCE. For each x € K", let x' be a vector defined as follows : 


x'j -Xj if 

Xj = ~Xj if Cj € S 

then x' is known as the reflection of x with respect to S. 
proved in [6]. 


(3.2.21) 


The following lemma has been 
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Lemma 3.2.2 Let / be bisubmodular and S C E. Then reflecting Vf with respect to 
S, gives a bisubmodular polyhedron Vji, where f is defined by 

= f{{A/S)U{BnS),{B/S)UiAf)S)), {A,B)^D{E). (3.2.22) 

Restriction or Projection 


Let a: € P/ and S Q E, then define a vector x' as follows 


Lemma 3.2.3. 


x' = x |5 such that x € P/. 

P/< is a bisubmodular polyhedron, where 
Vj. = {x' : x' = x\s and x'iA,B) < f'iA,B) }, 


and f' is the restriction of / on S. 


(3.2.23) 


(3.2.24) 


3.3 Greedy Solution and TDI of a 
Bisubmoduleir Polyhedron 

Linear program associated with Vj is 


max cx 


subject to 

1 

x{A,B) < f{A,B) for all {A,B) € DiE). J 

► 

(3.3.1) 

The dual of (3.3.1) is 

min 


(3.3.2a) 

subject to 


(3.3.26) 

(A.B)eo(£;) 

(A,B)^DiE) 



e, €A 

B 



and 

^{A,B) ^ 0 for all {A,B) € B(E). 


(3.3.2c) 


It is evident that (3.3.1) will have a finite optimal solution, if f(A, B) < oo for all (.4, B) € 
D{E). In order that the constraint set be non-empty we also assume that /(^, <f) = 0. 
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3.3.1 Generalised Greedy Algorithm (gga) 

In [6] the idea of a greedy algorithm for bisubmodtilar systems was given. We extend the 
results in [54] for solving linear programs over polyniatroids to develop a gri*<*dy algorithm 
for solving (3.3.1). 

For the c given in (3.3.1), let 

: h.| > lc.,1 > ••• > }. 

P(c) is the set of permutations with respect to c. For a p € P(e). we solve (3.3.1) in the 
following way, which is known as the generalizecl greedy algorithm (gga). 

Define 

^ and B* = if e, < 0 

A' = + e. and 0 = B-* if c, > 0, 

where the indices t are ordered as in p, then 


Xi = a;(c.) 


f{A\0)-f{A''\B'-^) if r, >0 


(3.3.3) 


Claim: 


[ fiA*-\ B*“») - f{A\ 0) if e. < 0. 

The resulting vector x is the generaliased greedy solution (ggs), of (3.3.1) 


via p. 


Note that, this method does not require Cf’s to be distinct. 


3.3.2 Feasibility of x 

Define 

S' = (A‘, B') = (5;, 5^) for all i and 5"® = ^ 
By definition of 5”, ^ then 

^ f (S ')- if e,>0 

~ f(S’) if ci<0 


Xi = x(c,) = 


(3.3.4) 
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and, 


^ = 5° C 5^ C 5^ • • • C 5""^ C 5”. 


Let {C,D) G D{E) and let {ej^, = (C, D) fl (5^^, 5J) and {e„»,, e,„j , . . . , e„, J = 

(C, D) n (^ 2 , 5"), where Zj < Zj • • • < Zp and mi < 7712 • • • < Here note that, 

{eji, ejj, . . . ,ejp} and {cmi, 6 ^ 2 ,..., e„^} are both disets. 

Now, 

x(c,D) = E *i+ E *i- E - E 

etecnsj* eiCCnSJ e.eUn^" e.eDn5» 


E 

«,€CnSj' 


a:. 




e.6PnS» J 


= ({ /(5'‘) - /(S'*-’) } + { /(S'-) - /{S'’-*) } + 
••■ + {/( S '’) - /( S '’-')}1 + 


[{/(S”'-') - /(S"‘)} + {/(S’"’-') - /(S”’)} + 

■•■ + {/(S”’-’)-/(S”’)}l- 


For feasibility of x, we have to show that 

or that, 

/(5"0 + + • • • + /(5"’’) + S{S^^-^) + /(S’"’-') + • • • + /(S-’-') < /(C, D) 

+/(S'‘-') + /(S'’-') + • • • + /(S'--') + /(S’"’) + /(S’"’) + • ■ • + /(S’"^. (3.3.5) 


Consider the minimum and the second minimum numbers of 
Zi - 1, Z 2 - l,...,Zp - 1, 

Four cases are possible, 



I 


case (i) 

minimum is /i — 1 

second 

minimum 

is 

^2 “ i’ 

case (ii) 

minimum is /i — 1 

second 

minimum 

is 

m,, 

case (iii) 

minimum is mi 

second 

minimtim 

is 

ma, 

case (iv) 

minimum is mi 

second 

minimum 

is 

1,-1. 


f{C,D) + + /(5'»-') 

= /((C',Z))U5'‘) + /(5'*-') 

> /(((C,i))U5^‘)U5'*-‘) + /(5^‘) 

= f{S^^) + f{{C,D)US^^). (3.3.6) 

a. case (ii), 

f{C,D) + /(5'*-') + /(5™0 

> /((C',Z?)U5'‘-^) + /{S^«) 

= /((C,D)U5'‘) + /(5"“) 

> /(((C, D) U 5'0 n 5”“ ) + fine, D) U 5*« ) u ) 

= /(5'‘) + /({(C,D)u5'‘)uS"“) 

= /(5'‘) + /(((C',jD)/e^,)U5"*‘-‘). (3.3.7) 

limilarly, for case (iii), we get 

■{C,D) + /(S”.) + /(5"») > /(S-.-i) + /((((C, )/e„.) u S"- '), (3.3.8) 

Jid for case (iv), we have 

\C, O) + /(5”-) + /(S'--!) > /{s--') + /(((C, D)/e„, ) u 5'' ). (3.3.9) 

Suppose case (i) holds for this (C, D) and mj is the next tniniiiium integer. Adding 

{S to both sides of (3.3.6) will give 

f{C,D) + /(5'‘-') + /(5'>-*) + /(5’”») > /(5^>) + /((c, 0) g .v<») /(.S’"**) 
/(C'f D) + /(5'>-') + /(5'^-») + /(5’">) > /(5-h ) 4 ^ 

/{{C',/>)/«-n.aU.S'''‘'‘-‘). 
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Continuing this process we will arrive at the inequality (3.3.5), since the last term on the 
right hand side of the above inequality will either reduce to f{S‘ ) or f{S”' "^). Hence the 
solution given in (3.3.4) is feasible. 

3.3.3 Dual Solution and Its Feasibility 

Let us define z as follows : 


ZS' = < 



if 

e. 6 51 

and 

C.+1 € 51‘''^ 

c,, 

if 

Ci € 5’ 

and 

e.+i € 51+^ 

— C, — Ct^-1, 

if 

e. € 51 

and 

ei+i € 5i+' 

Ci + Ci+1 » 

if 

e,- G 51 

and 

c,+i 6 51'*'^ 


(3.3.10a) 


for i = 1,2, .. .(n — 1). 

And for i = n 

c„ ife„e5? 
-Cr, if e„ € SJ 
and Z(a,B) = 0 for all (A, B) ^ S' for all t G [l,n]. 


Zsn = 


(3.3.105) 


Since 5^ C 5^ C • • • C 5" form a chain in D{E), the coefficient matrix of the constraints 
in the dual problem (3.3.2) with respect to zst's is an upper triangular matrix. To prove the 
feasibility of z, we notice that the n^^ dual constraint is satisfied by definition of i.e, 

= c„ if G 5” 

and = — Cn if c„ G . 


For the (n - 1)^^ dual constraint, four cases are possible. 


(i) Cn, e„_i G S^. 

(ii) e„, e„_i G 

(Hi) e„ G , e„_i G S^. 
(iv) e„ G ^ 2 , e„_i G 5”. 
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case (i) In this case the and (n - 1)^^ duaJ constraints are 

zsn-i -hzs^ = Cn-t and zs« ~ r„, 
and zsn-i = Cn~i -c^ and zs" = Ai, satisfy these constraints, 
case (ii) Dual constraints are 


zgn~i zgf* — I and ~ zg» — c^, 

and since zsn-i = - Cn_i and zsn = -c„, these constraints are al.Ho satisfieii. 

Similarly for cases (iii) and (iv), dual feasibility of the and (n - I ctuintraints can be 
verified. 

Assuming that starting from n up to (n ■ dual constraints are satisfietl. we will now 
show that the (n - (k + 1)) dual constraint is also satisfic'd by the .solution given in (3.3.10). 

Corresponding to the signs of c„_* and four cases are po.s.si})Ie. 


(0 ®n-fc, Cn-(t+l) € Sj. 

00 Cn-fc, g Sj. 

(iii) c„_* € S’?, g 

(iv) e„_* g S^, g 5 « 

case (i) The last n - (H 1) dual constraints are 


Hi 

= c„. 
J=o 


(*+l) 


J^ZSn-i = Cn^i for f _ g 1 . 

j^Q ’ * t ^ 

By o«pti„„ eomtraia,. (3.3.12) a. satiafied and ,, 

S ~ ^ + ^5n-(*+i) 

J=0 

ence the dual solution s given in (3.3. 10) is feasible. 


(3.3. 1 1) 

(3.3.12) 


cases 
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3.3.4 Optimality of x 


Without any loss of generality, let us assume that the first Jbi elements are forward elements 
of 5", next elements are backward elements of S", and next fcs elements are forward 
elements of S” and so on, and finally fc; elements are forward elements of 5”. It is not 
necessary that all k,'s have to be non-zero. 

The dual objective function value in this case is 


t=l 

= ^:ns‘)z^s.)+ E /(s->(s.,+-+ i: /(5‘)z,s.) 

i=A:i+l 

= E/(S’')(c! + C,„) + /(S‘‘)K+C;1,+.)+ E /(S’')(<^+I - C.) + 

«=1 t=:fci+l 

/{S‘>)(-c.-c,„) + ---+ E /(5’')(c.-c.+i) + /(S‘'K- (3-3-13) 

+1 

And the primal objective function value 

n 

= 

»=1 

= E<^{/(s‘)-/(5‘"‘))+ E Ci{ ns‘-') - f(s‘)) + 

t=l 

i=ki^i +1 

= E /(S') - /(S'-')} + /(s‘‘) - /(s*--')} + 

1=1 

e' ^{/(s*-') - /(S ')) + - /(s‘’)} + 

i=fcl+l 

•••+ E c.{/(s‘)-/(s-'-)} 

i=/:i-i4'l 

= e' /(s'))-^' - >^+1) + ^./(s*') + c..+./(s‘‘) + 

1=1 

E /(5')(c.-« - c.) - cte/(5‘") - ) + 

•=fcl+l 

f- ~ ^+1) 
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= E ~ <^‘+1 ) + +<•*,+ 1 ) + 

t=l 


E nS‘){c,^i - c.) + HS^n-Ck, - r»„i) + 

*=fcl+l 

•••+ E /(5’)(c.--Ci+i) + ct,/(S*'), 

i=*i-i+i 


which is equal to (3.3.13), that is the dual objective function value. Hem e x is an optimal 
solution to problem (3.3.1), and z is the dual optimal solution. 


In [43] Qi, posed the following question. 

Define 

< 7 (r) = max {Yx : x€Pf) 

s{^> ^) = 0 

Then g{Y) is a set function on D{E). 

Under what condition on / is g{Y) a bisubmodular function ? 


(3.3.14) 


By the generalised greedy algorithm discuased above, for / finite valui'd it follows that 
g{Y) is bisubmodular and in fact 


^(y) = f{Y) for all y € DiE). (3.3.15) 

Here the objective function vector c = XK(e,)» is the characteristic vector of the diset Y. 

Let |y| = 1. Choose a chain S, such that <^ = 5® C 5* C S* ■ ■ ■ C 5' = K and 
5f +1 C 5'*+2 ... Q gn _ yr E/Y). That is the elements of E/Y are a<ldetl one by one 
to 5'+^ ... 5" as backward elements. The dual optimal solution by (3.3. 10) is 

Zgl = 1 

zt = 0 for all 7 ( 5 ^ S') € D{E). 

Thus 

y(F) = /(5') = /(y), for all y € £>(£). 


( 3 . 3 . 16 ) 


’X 
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3.3.5 XDI of a Bisubmodular Polyhodron 

If the objective function vector c of (3.3.1 ) is an integer vector i.e. ci, C 2 , . . . , c„ are all integers 
then from the dual solution (3.3.10) we note that each component of the dual solution z is 
integral. Hence (3.3.1) represents a total dual integral system. 

Moreover, if / is an integral function then the primal solution (3.3.4) is also integral. Qi, 
[43]. has shown that the system of linear inequalities 

x{T) < f{T) for all T € I 

is box total dual integral, where I is an intersecting family. 

This implies the total dual integrality of (3.3.1). However we have given an alternate 
proof using the greedy algorithm. 


3.4 Greedy Solutions of Some Other Bisubmodular 
Polyhedra 

3.4.1 Ditroid Polyhedron 

Let £> = (E, J) be a ditroid and let k denote its rank function. Consider the linear program 

1 (3.4.1) 

subject to x{A, B) < h{A, B) (ot all {A^B) € D{E). j 

The dual of (3.4.1) can be written as follows : 

min B)z^a^b) (3.4.2a) 

subject to ^2 ~ V € E (3.4.26) 

(A,B)eD{E) (A,B)eD(E} 

deA e.eB 

and Z(A,B) >0 V (A, B) € D{E). 


(3.4.2c) 
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Clearly, the ggs of (3.4.1) is : 

i» = x(ei) = 
Since his & ditroid rank function, 

Xi = a:(ei) = 


- h{S'-^) if Ci > 0 

h{S^-^) - k{S') if c; < 0. 


2s* = \ 


And 2 (a,b) = 0 for all (A,B) ^ S' for all t € [l,n] 


(3.4.3) 


1 MS")- 

h{S'-^) = 1 or 0 

if 

Ci > 0 

(3.4.4) 

1 

1 

w. 

II 

1 

or 1 

3 if 

Ci <0. 


! dual problem (3.4.2) is 






if e,- € 5i 

and 

e.+i € 

S{+^ 


Cj+l ~ Cf? 

if CieSi 

and 

Ci+i € 

5^2+' 

(3.4.5) 

—Ci - Ci+I, 

if Cf € S 2 

and 

Ci+i € 


^ 4" ^'+1) 

if Ci € S\ 

and 

Ci+i 6 




Qi [44], solved problem (3.4.1) in a different way. He reduces (3.4.1) to a weighted matroid 
problem 


max{|c|X : X € 2’(iS')}, 

where 5 = {e,- : c,- = c(e,) > 0} and Z(5) as given in (2.1.1). 

Lemma 3.4.1 Given D = {E,I) and h its rank function, if 

max{a:(X) : x € Tf} = x^(X) = \X\, for X € E{E), 
then x° = xx and X is an independent set of the ditroid. 

Proof. From (3.3.15) we have that 

|X| = x°(A) = h{X). (3.4.6) 

=> X £ I, and, = xx- (3.4.7) 


Hence the lemma Kolrls. Q 

Corollary 3.4.1 If x is the characteristic vector of some X € D{E), such that x{X) > 
h{X), then X^l. 
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3.4.2 g-polymatroids 


Hftsin [30], considered the following optimization problem associated with 
g-polymatroid : 


max cx 


(3.4.8) 


subject to - p{A) < x(/l) < b{A). J 

The optimization problem associated with the corresponding bisubmodular polyhedron is 


max cx 


subject to x{A,B) < f{A,B) 


(3.4.9) 


where f{A, B) = b{A) + p(J9), as shown in (3.2.9) and f{<l>,<f>) = 0 = p(<^) = 6(<^). Hence ggs 
of (3.4.9) is 

_ f /(5‘)-/(S'-) ifc, >0 


Xi = x(ei) = 


/(S‘-')-/(S‘) it c, <0. 


(3.4.10) 


/(S-) - /(5''-') = 


KSi)+i-(55) 

6(5|) — 6(5J"^). [since, e, € Ci ^ 


= sr'i 




b(sn+p(sir')-Hs‘)-p{si) 

- p( 52)* [since, e; € ^ n; ^ ^ 


Si = Si-']. 


So (3.4.10), becomes 


Xj — x(ci) — 


HSi)-KSi-') if e.>0 


p(s;-')-p(S5) if Ci<0. 


(3,4.ii; 


Which is the same as the solution of (3.4.8), given by Hasin [30]. 
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3.4.3 Pseudomatroid Polyhedron 


Chandrasekaran and Kabadi [7], consider the following linear program, associated with a 
pseudomatroid polyhedron. 


subject to x{A, B) < b(A, B) for all {A, B) € D{E). J 
Since the function b is a bisubmodulau: function, therefore the ggs of (3.4.12) is : 


(3.4.12) 


Xi = x{ei) = 


6(5‘) - K^’-') if c.- > 0 
6(5’-')-6(SO = 0 ifc.<0. 


Which is the same as the solution given by Chandrasekaran and Kabadi [7]. 


(3.4.13) 


3.4.4 Degree Sequence Polytope 


Consider the following linear program, associated with a degree sequence poly tope de- 

fined on the node set V. 


max cx 

subject to x(A,B) < f{A,B) for all {A,B) € £>(1^) 
> 0 for all V qV. 

Where f{A,B) = |>l|(n - 1 - 1B|), A,B CV; Af) B = <j>. 


(3.4.14) 


In section 3.2.6, we have shown that this polytope is a bisubmodular polyhedron. Let x 
be a ggs to 3.3.16, where |ci| > |c 2 | > • • • > |c„|, and 

S: CS^ C‘--CS^, where^= l/and5’ = (l,2,...t), 

is the corresponding chain which generates x. Therefore 

J{Si) - f(S’-i) ifc.^>o 


Xi = 


Now we have 


7(5'-') - /(5') ifci, <0. 
/(5‘) = /(5:,y,) = lSi|(n-l-|55|). 
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So 

X, = /(^i, ^) — /(Si”', ^■') ifc,>0 
= |Si|(n - 1 - |S'|) - IS'-'Kn - 1 - |y,-|) 

or 

= isr^lin - 1 - l^r^l) - l^iKn - 1 - |5‘1) 
= i^r'i(«-i-i5r'i-«+ 1+15*1) 

= i^n. 


smce[15j| = |5j ^|] 

(3.4.15) 


since [|51 ^l = 15i|] 
(3.4.16) 


In case x,- — (n — 1 — |52|) = (n — 1 — |52 ^|), this implies that node v, is connected to 
all the nodes in VJ{S 2 ~^ + v,). 

We show that for all edges («.-,u,), Vj € ^7(5^^ + v,), a + cj > 0. 

Given c,- > 0 and v,- 6 5i, vj £ V/{S 2 ~^+Vi), implies that \cj\ < |c,| for all Vj € V/(52”^ +n,). 
For all Vj in Vf(S 2 ~^ + w,) such that Cj > 0, c; + c^- > 0 and 

for all Vj in V/(S 2 ~^ + v,) such that cy < 0, since |cy| < |c,|, follows that c,- + cy > 0. 


And in case x,- = |5J~^|, then v,- is connected to all the nodes in 5J“^ and for all uy € 
51"*, Cj > |c,|, so Cj + Cj > 0. 

Thus the ggs is nothing but the greedy solution obtained in [41]. Peled and Srinivasan 
[41], point out that even though £)„ is not a polymatroid a greedy algorithm solves the 
corresponding linear programming problem. We have shown here that because Dn is a 
bisubmodular polyhedron the generalised greedy algorithm works. 


3.4.5 Base Polyhedron 

In section 3.2.2, we proved that Bb = Vj, where 


f{A,B) = b{A) + h{E/B)-b{E), 



74 


and hence 

f{A,<t.) = b{A). 

If a; is a ggs of Vf with respect to c, then 

*■' " 1 f ($>-') - f(S‘) if e. € Si. 

Particularly, in this case 5" = (^, V t € (1, n). Hence 

li = b{S^) - 

which is nothing but the greedy solution for the base polyhedron given by Fujishigc [26|. 


3.5 Jump System, 2-SA and Greedy Systems 

In this section we first briefly present results in [6] relating jump systems with bisubmodular 
polyhedron and also some operations on jump systems which help to generate new jump 
systems. We then consider the (0,±1) extreme point bisubmodular polyhedra and define 
greedy systems as the collection of (0, ±1) vectors of such polyhedra and show that greedy 
systems satisfy a 2-augmentation property and that ditroids are greedy systems. 

3.5.1 2-step axiom Jump System and Bisubmodular Polyhedra 

For vectors x, y e define the norm of x as ||xj| = D(la:_,l : e,- € E) and the distance 
d{x,y) = llx — y||. For x, y e a step from ar to y is a vector s € such that 
||s|l = 1 and d{x + 3 ,y) = d(x,y) — 1. Denote the set of steps from a: to y by Si{x, y). A 
jump system is a pair {E, where C satisfies the following 2-step axiom ; 

(2-SA). If I, y € JF, s e St{x,y), and x + s ^ then there exists a t £ St{x -f s,y) 
such that a: s -f t € F". 

The property t € d{x -f s,y) could be replaced by f € d{x,y) in the statem<*nt of the axiom. 

Relationship between jump systems and bisubmodular polyhedra has b<‘<‘n shown in (6], 
We mention some of these results below for future reference. 
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DeBnition 3.5.1 * € is (A, B) maximal in if j, € iF, j, > x, for all j € .4, pj < x, 

for all j e B imply yl^uB = xUuB- 

Lemma 3.5.1 If .F satisfies 2-SA and i, y € F’ with y{A) - y(B) > x(A) - x(B), then 
X is not (A,B)-maximal. 

Given tF, define / by f{A,B) = maXx€^(a:(x4) — x{B)), if the maximum exists, and to 
be oo otherwise. 

Lemma 3.5.2 If .F satisfies 2-SA, then / is bisubmodulax. 

Theorem 3.5.1 If 7>j is a bisubmodular polyhedron and / integral, then T = n Vj 
satisfies the 2-SA. 

Theorem 3.5.2 If J- satisfies 2-SA, then contj(F^) is an integral bisubmodular polyhe- 
dron. 

We now give an alternative way to prove that the degree sequence polytope D„ is a 
bisubmodular polyhedron. 

We first prove the following lemma. 

Lemma 3.5.3 Collection of vectors x £ DnC\ Z", where Dn is the degree sequence 
polytope (3.2.17), satisfy 2-SA. 

Proof. Let x, y € Dn H Z”. Let s € St{x^ y), then s = ±u,- for some i. Suppose s = — u,-. 
Then x -f s has the degree of the i*^ node reduced by ‘1’. 

Since x and y are degree sequences and $ € St{x,y), there must be another node of G 
say node j, such that yj < Xj. 

Choose t = —v,y Then (x -f- s -|- f) is also a degree sequence obtained from x, by removing 
the edge The case s = +Ui can be handled in a similar way. 

In [41], it has been shown that D„ can be described by the following set of inequalities 


xiS)-x{T)<\S\{n-l-\T\), 
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where 5, T are the subsets of {1, 2, . . . , n} such that SC\T — <f>. And 
max(a:(5) — x{T)) = 15|(n — 1 — ITj) = /(5,I). 

Therefore by lemma 3.5.2, it follows that f(^S,T) is a bisubmodular fuiution and hence 
Dn is a bisubmodular polyhedron. □ 

3.5.2 Greedy System 

Definition 3.5.2 Define a greedy system as all {0, ±1} vectors in a bisubino<iular poly- 
hedron with {0,±1} extreme points. 

Some examples of greedy systems are the integer vectors of the pseudoinatroid polyhedron 
and the generalised matroid polyhedron. 

Theorem 3.5.3 Let {Ey!F) be a greedy system. Then 2-augmentation property holds 
for(E,.F), i.e., if(Xi,X 2 )and(ii,y 2 ) € such that they are non-cancelling and l(yi,V 2 )j > 
|(Xi,X 2 )| + 1, then there exist e,/ € YfX ( e = / allowed ) such that X U {e; /} € 3^- 
Signs of e and / will be same as in Y. 

Proof. For any X^Y & T that are non-cancelling and |K| > jX{ + 1, if .V C K, r<‘sult 
is obvious by 2-SA. (since, is greedy it satisfies 2-SA.) 

If \XIY\ = 1 result is again trivial by 2-SA, as follows. 

Given \XIY\ = 1; and \Y\ > |X1 + 1 so 117X1 > 2. Let e, € X/Y. 

Now by 2-SA, ifY + a^T then Z = {Y + e.)/e,- £ T or Z = {Y -i- c.)/efe € .F, for e,- 
and e* € Y/X. 

For definiteness, let Z = {Y + c,)/c,. 

Now consider X and Z. Since |F/X| > 2, so |Z/X| > 1. Also X C Z. This implies by 
2-SA, that there exists V C Z/X such that |K| < 2 and X U V € JF, but V C Y/X. This 
proves the result. 

When |X/y| > 2, let 2-augmentation property not hold in this ca.se. If possible, take a 



77 


counter example X, Y with \X H Y\ maximum amongst all counter examples. 

That is for any e € YjX, (X + e) ^ T, also (X + e + /) ^ :F, for all / G Y/X. Since 
otherwise X and Y will not be a counter example. Thus by 2-SA there exists g € XJY such 
that {X + e)lg € T. Let X' = (X + t)fg). 

Now X' and Y are non-cancelling and \X’ n T | > fl y| and \X'\ < \Y\ - 1. Hence by 

choice of X and Y ; X\ Y do not form a counter example. 

This implies, there exists {/, h} G Y/X‘ such that X'U {/, h} G .F. Let X" = X'U {I, h}, 
i.e. X" = XU {e, /, h}/g. 

Also X*' and X are non-cancelling and X" > l.X^| -|- 1 and \X/X"\ = 1. As shown earlier 
the result is valid in this case. Hence there exist {u, w} C {e, /, fe}, such that X U {u, v} G F". 
But u and t; G T . This contradicts our assumption. Hence the result. □ 

Theorem 3.5.4. Any greedy system in which Y CX Y is a, ditroid. 

Proof. Let D = {E,X) be a subset system in which Y QX => Y ^X and the 
greedy edgorithm solves the corresponding combinatorial optimization problem. We want to 
show that D = {E^X) is a ditroid. 

Since yCJVGT => Y&X,so(f>^X. 

It is enough to show that X satisfies (D3), that is X satisfies the augmentation property of 
ditroids. 


Let {A,B); {C,D) G X with |(A,J5)1 = p and KC,!?)! = p + 1 and non-cancelling. If 
possible, let there be no e G {C,D)f{A,B) such that {A,B) -f- e € T. 

Let us define a weight function, as follows : 


(p-1-2) if eGA 
— (p -1-2) if e G H 
(p-fl) if e G C/A 
— (p -f- 1) if c^D/B 

0 if e^(C,L>)U(A,B) 


c(e) = { 
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(X, B) is suboptimal, because c((C, D)) > {p+ 1)’ > P(P + 2) = 

algorithm, when applied to this instance, will give (X,S) as the gr«-dy solution, since 
(A, B) + e ^ I for all c € (C, D)/{A, B) and for all other elements of the corresponding 
weight is zero. This contradicts the fact that {E,X) is a greedy system. 

Thus I satisfies the augmentation axiom, (D3). O 

Theorem 3.5.5 Every ditroid is a greedy system. 

Proof. In section 3.2.7, we have shown that the convex hull of the characteristic vectors 
of the independent sets of a ditroid is a bisubmodular polyhedron. Thus by definition, a 
ditroid is a greedy system. 

Here we give another proof of theorem (3.5.5) independent of hisuhmodularity. 

Let D = (E, J) be a ditroid. We will prove that the greedy algorithm works for a ditroid. 
If not, take a counter example - a ditroid {E,X) for which the greedy algorithnr does not 
work. So there exists a c for which the greedy solution is not optimad. Furthermore it is easy 
to see that there exists a c for which the greedy solution is unique and non optimal. Cho<»e 
such a c, and let be the corresponding greedy solution and an optima! .solution, such 
that is maximed. We claim that X^ and X^ are non-cancelling aiul |.Y®1 =2 

First we will show that X® and X^ are non-cancelling. 

If possible let X® and X® be cancelling, that is, there exists at !ea.st one e £ E such 
that either e € Xf and c G Xf or e € Xf and e € Xf, where X^ = (Xf,Xf) and 
X‘^=(Xf,X?). 

Let c G X® and e G X® . By the greedy algorithm e G Xp =>■ c(c) > 0. 

Then clearly c(X®) < c(X®') where X®' = X^/c 
X^ is not an optimal solution. 

The case where e G Xf and c G XP , can be handled in a similar way. Hence* X^' aiul X^ 
are non-cancelling to each other. 

We will now prove that |X®| = \X^\. 

If possible let |X®| ^ \X% So either |X®| > \X^\ or \X°\ < [X^j. 
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Let lA"®! > \X°\ implies there exists at least one e € I X° such that A"® + e € J and 

consequently cX*^ < c{X^ + e) [ since c(e) > 0.] 

=» is not optimal. 

If, I A® I < I A® I this would imply that A® can be augmented and hence is not the greedy 
solution. So, I A® I = |A®| and we have assumed that |A® n A°| is maximal. 

Now, select e € A*^AA^ such that c is the last element of A® A A® as per the order of 
the gga. That is for any c,- € A'^AA®, we have |c(e,)| > |c(e)l. 

If e € A^/A^ then |A®/e| = jA^l - 1 

implies there exists / € X° jX^ such that (A®/e + /) € J. 

Since |c(e)| < |c(/)| this contradicts the fact that A® is the greedy solution. So e must 
belongs to X^fX^. 

But then, |A*^/e| = [A^^l — 1 implies there exists / € A®/A®, such that (A'^/e + /) € J. 
Which contradicts the optimality of A®. This shows that A® = A^. □ 

It will be worth investigating if there are any greedy systems which are neither pseudo- 
matroids, nor ditroids. 


3.5.3 Some More Operations on Greedy System 

In section 3.2.8 we considered various operations like restriction and reflection of a bisub- 
modular polyhedron to obtain other bisubmodular systems. These operations are also valid 
for greedy systems. In this subsection we give methods to construct greedy systems which 
are subset systems of a given greedy system. 

In [6], Cunningham and Bouchet define a gap of a set C Z” as an integral point in 
conv(y^)/.^. They then raise the problem that if has been obtained from ^ by adding 
some of the gaps of T, when will r satisfy 2-SA. We here tackle the reverse problem that 
is, what integer points to remove from T so that it continues to satisfy 2-SA. We manage to 
give a partial answer, to this problem. 

Definition 3.5.3 For z = (xi, xj, . . . ,Xn) € .F, we define in the following way 
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X : X € J- and Zi = xj = 0 

= < x-(xi,0,0,...,0) : x€^ and Za = 0 but X| 0 

I x-(0,i2,0,...,0) : xe:F and ii =s 0 but xa 0. 

Theorem 3.5.6 satisfies 2-SA. 

Proof. Let x' and y' € J^i and x, y be the corresponding vectors beionging to F. Note 
that the choices of x and y are not unique. 


It is evident that St{x',y') C S't(x,y). Suppose s € Si{x\y*) and $ ~ ±u,, where u, is 
the unit vector in Si" whose i*^ component is 1, and other conqwnents are zero. 

Clearly i > 2. U x' + 3 ^Fi, by definition of Fi, x + s ^ F. 

Since F satisfies 2-SA, there exists a t e Si{x,y) such that z = (x + s i) € F. 

For all choices of x and y, it is not necessary that x^ + s -|- < € .Fi. That is t may not bidong 
to S<(x',y'). We show below that the second step can always, be selectetl, from .'‘?t(x',y'). 

case (1) First two components of x as well as y are zero, i.e., xi = xj = yi == y, = 0. 


case (2) First two components of x and y are of the form : 

(i) x = (l,0,...) y = (I,0,...) 

(ii) x=:(0,l,...) y = (0,l,...) 

(iii) x = (-l,0,...) y = (-l,0,...) 

(iv) x = (0,-l,...) y:=(0,-l,...). 

In all the above cases t € Sf(x,y) = St{x\y>) and thus x' s + f € .^=^ 1 . 

case (3) First two components of x and y are of the form : 


(i) x = (l,0,...) y = (-l,0,...) 

(ii) x = (-l,0,...) y==(i^o,...) 


(iii) x = (0,l,...) y = (o,-i,...) 

(iv) x = (o,-l,...) j, = (o,l,...). 

In all thesa four aub caaea, it is possible that, t = ±o, for i = i or 2, i.e, 1 may not belong to 
st(x',fy But m that case a = I + s + ( will have it’s first two components equal to zero, 
and e' = I + s € ,, contradiction. So t € S((i',y') and hence s' e 2=-,. 
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case (4) First two components of x and y are of the form : 

(i) x = (l,0,...) y = (0,±l,...) 

(ii) I = (-1,0,...) y = (0,±l,...). 

In this case 2 as in case-3, may not belongs to y'). We will show that, we can always 
find a step u = Uj € St{x',y') such that (x' -1- s + u) € 

Let z = (x + s-j-i) where t = Uj for j < 2. Consider the vectors z and y, and for 
< 2, choose m € 5't(x,y) and m = iujt, as the case may be. Such a step exists. Since J- 
satisfies 2-SA, there exists a u € S't(x,y) such that = ^ ^ and v must belong 

to St{x\ y^). Only one component out of the first two components of w is non-zero, thus 
w' ^ J'l. But tv' = x' s V. The case t = — ttj, j ^2 can be argued in the same way. □ 

Now by theorem (3.5.2), convex hull of is a bisubmodular polyhedron, and hence a 
greedy system. 

In case we consider the subset J~i of J- where, 

Ti = {x E Tn, such that either Xj = X 2 = 0 or Xi ^ 0, X 2 = 0 and Xi = 0, X 2 0}. 

Then it follows as a corollary of the above result that is also a greedy system. 
Definition 3.5.4 For x G define 

^2 = {x-(xi,X2,0,...,0) : X 6 .Fxi ^ 0, X 2 0}. 

Theorem 3.5.7 satisfies 2-SA. 

Proof. Let x' and y' belong to and x, y be the corresponding vectors belonging to 
!F. As noted before, x and y are not unique, but St{x',y') C St{x,y), for all choices of x 
and y. 

Let s € St{x', y'). 

If x' -I- 5 ^ .^2 X + s ^ 

There exists a t € St{x,y), such that x = (x + s -K) € :F. In case the first two components 
of X and y are equal, St{x, y) = St(x', y') thus t € St{x', y') and x' -f s -f t € J^ 2 - 





Consider the case when the first two components of x and y are nut ihiuaI and I g 
St{x', y'). Let t = +ui or - uj as the case may be. Let z = x + s + 1 ajui funsiihT t hv vectors 

z eind y. Since zi = 0, choose / € St(2,y) , I = or — Uj. 

If (z + /) € .F, then since Zi ^ 0, zj 0 {z + 0* € .F 3 . But (z + f)' - (x { . 1 )', I his gjv«t 
(x + s) € .F, a contradiction. Hence z + I ^ So there exists a r?i C Stfx.y) such that 
to = (z + f + m) € ^, and to' € .Tj. 

Now if m = ±«j for some j >2, u/ € J^ 2 , and to' = x' + a + rn, where .s, rn € St(i*, y'), 
implies satisfies 2-SA. 

But if m = ±U 2 , (m = iuj not possible) then a '2 = 0, so te' due.s m>t exists. Choose 
e = T «2 € St(x,y), that is if m = « 2 , then v = -M 3 € 5f(x,y) anel if rti • « 2 , then 

V = -U 2 e St{x,y). Choose the appropriate t; and y € St(«>,y). if (te + i-) € /*, then 

to' = (to + u)' = (x' + s + m) € .Tx and we are through. 

Suppose (to + o) ^ Since v € iSf(to,y), by 2-SA, there exists a i? € y) such that 
p = (to -f y -f g) € .F. But ^ € 5f(x',y').and pu p 2 ^ Q. Therefore, p* =. (w 4 v + qf = 
(x -1- s -I- 9) € .Fi and s, g € Sf(x',y'). Hence .F3 satisfies 2-SA. In ca.se t U3 or — 1*3, the 
same arguments can be used by choosing i = ±t{ 2 . O 

Again by theorem (3.5.2), convex hull of .F 3 is a bisubmodular {)olyh<-«lron and therefore 
it is a greedy system. 

Let be the restriction of f to £/{ei,e 3 }, that is 

: « € .F}, 

then .F can be decomposed into two greedy systems Ft and F 3 . 

Definition 3.5.5 We define F 3 in the following way. 

F3 = I ® : a: € F and xi = 0 X3 = 0 

[x (xi,x3,0,0, ..., 0 ) ; x€F and xi 0 X3 ^ 0 . 

Theorem 3.5.8 F 3 satisfies 2-SA. 

Proof. Proof will follow from the arguments for and O 
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Here also if we consider Tz as follows : 


^3 = {x € ^such that either Xj = xj = 0 or Xi 5^ 0 and X2 7^ 0}, 
then it can be proved by the above arguments that, 7 z satisfies the 2-SA. 
Definition 3 . 5 .G Define in the following way. 


:F4 = 


X ' X and Xj = 0 X 2 = 0 

® ~ (xi, X2, 0, 0, . , . , 0) ; X € ^ and X\ ^ 0 X2 7^ 0 both have the same sign. 

Theorem 3 . 5.9 .F4 satisfies 2-SA. 


Proof. Proof will follow from the arguments for and ^2- O 


Definition 3 . 5.7 Define Tz in the following way. 
0 ^^ 


{ X : X 

X — (xi,X2,0,0,...,0) : X 


€ T and xi = 0 X2 = 0 
€ T and xj 7^ 0 X2 7^ 0 have opposite sign. 


Theorem 3 . 5.10 satisfies 2-SA. 

Proof. Again the proof follows from the arguments for T\ and Tz- 



Chapter 4 


POLYHEDRAL STRUCTURE OF A 
BISUBMODULAR POLYHEDRON 


4.1 Introduction 


In this chapter we develop the polyhedral structure of the bisubnuKltslar polylHtlron and 
characterize its facets, faces and extreme points. Adjacency criteria for «*xtre»«‘ points is 
also established. 

In section two we focus on faces and facets of P/ and a necessary and sutficient condition 
for a diset inequality x(>l, B) < f{A, B) to represent a facet of P/, is given in terais of non- 
separability of {A,B) with respect to /. We also show that a facet of Vf is a hisubniodular 
polyhedron, a facet of a ditroid polyhedron is again a ditroid polyhedron and a facet of a 
pseudomatroid polyhedron is also a pseudomatroid polyhedron. Facets of the degree .sequence 
polytope, in our sense^reduce to the facets obtained by Peled and Srinivasan in [4lj. 

In section three, extreme points of Vj have been defined and a polynoinia! time algorithm 
to check if a given vector x € is an extreme point of Vj is given. 

Necessary and sufficient conditions for two extreme points to be adjacent on Tj have b<s;ii 
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discussed in section four. Specialised characterizations of extrenie points and adjacency for 
the ditroid polyhedron and pseudomatroid polyhedron have been obtained. 

Finally, in section five, we state and prove the ntiin-niax theorem for the bisubmodular 
polyhedron. We show that the membership problem for "Pj and a bisubmodular function 
minimization problem are equivalent. 


4.2 Faces and Facets 

Definition 4.2.1 Let (Xi, Xj) and (Vi,l 2 ) € D{E) be non-cancelling, then their union 
(Xi, ^ 2 ) U = (.X"! U Y\^X2 U 12)) is the least upper bound of {Xi,X2) and (ii,y2) 

and their intersection (J^i, ^" 2 ) ^ {Yi , Y 2 ) = (Xi H FI, X 2 H I 2 ) is the greatest lower bound. If 
C D(E) consists of non-cancelling disets and is closed under diset union and intersection, 
then it forms a distributive lattice in D{E). 

rank(I?) = maximum number of linearly independent diaracteristic vectors of the disets of 
V. 


We will also call a subset of V linearly independent, if their corresponding character- 
istic vectors are linearly independent. 

Given x € Vj, we say that a diset {A^B) E D{E) is r-tight if x(A,B) = f{A,B). Using 
bisubmodularity of / the following lemma has been proved in [33]. 

Lemma 4.2.1 If (>1, B) and (C, D) are i-tight for some x € 'P/, then the following disets 
are also a;-tight. 

1 . {A, B) U (C, D) = {{A U C)/{B U D), {B U D)/{A U C)). 

2. {A,B)r\iC,D) = {AnC,BnD). 


3. (C'/B,DM),and 

4. {CU{A/D),DU{B/C)). 
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We borrow the notation from Fujishige [26] and define, for an x € “P/ 

D(x) = {-^ € D{E) : a:(X) = /(X)}. (4.2.1) 

Lemma 4.2.2 For x € Vf, 

D(x) = {X£ D{E) : x{X) = /(X)} 

contains a distributive lattice, say 2) and rank(D) = rank(D(ar)). 

Proof. Let {A,B) and {C,D) € D(a:) be two cancelling but indepeti<h‘nt diw'ts. Then 
from lemma 4.2.1, {C/B, D/A) € D(x) and (C/B, D/A) is non-canrelling with (/I, B). Also 
{A,B) and {C/ByD/A) are independent, that is their characteristic v«*ctars are lineiwrly 
independent in □ 

We can therefore collect all non-cancelling disets from D(j), and tht*se by lenuita 4.2.1 
will form a distributive lattice D (say), in which set intersection is the ‘meet’ operation and 
set union is the ‘join’ operation. Also we see from the proof, that rank{P) = rank(D(x)). 

As in [26], for a sublattice Vq of D{E), define 

F(I?o) = {x € r, VX € Do, x{X) = /(X), VX € B(i?)/Bo, x(X) < /(X)}, (4.2.2) 

and 

B®(I>o) = {x € VX € Do, x(X) = /(X), VX € D{E)fDo, x(X) < /(X)). (4.2.3) 

DeBnition 4.2.2 Let Dq be a sublattice of D{E) and let f®(I>o) ^ Then F(Bo) 
defines a face of Vf. 

If we consider all the disets in Dq, which are non-cancelling, then they th<*m.Helve» form a 
sublattice of Dq. Thus Dq may contain more than one sublattice of non- cancel ling .sets, but 
each sublattice will have the same rank. 

Let Dqo be a sublattice of Dq consisting of all non-cancelling sets of Dq, Suppose Dm 
consists of disets Aj, Aj, . . . , A„. 
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Define T. = A, »nd 7i « At it At C Tt-t and Tt-t otherwise. Then T„ will be the 
minimal element of T>m, and denote it by S'. Now find the minimal element of Doo/S' and 
denote it by iS"* and so on, till a maximal chain 

S : <^C5^C5^C---C5', 

of I>oo is constructed. Since {5^, 5^, . . . , 5^} form a set of maximal linearly independent sets 
in Poo, and hence in Po, rank(Po) = /. 


4.2.1 Dimension of a Face 

There are several ways of defining the dimensions of a polyhedron Vf. We will use the 
definition that, if r is the maximum number of linearly independent inequalities satisfied as 
equalities by all a; € P/, then dimension Pj = n-r. 

If there exists a x € P/ such that x(X) < f{X) for all X € D{E), then P/ has an interior 
point and hence it is of full dimension. Let F(Po) represent a face of P/ for some sublattice 
Po of DiE). 

Definition 4.2.3 Dimension of a face F(Po) of Py is equal to dimPy — k, where k is the 

length of a proper maximal chain in Pq. 

Definition 4.2.4 If F(Po) is a face of dimension (dimPy — 1) of Py, it is called a facet 
of Py. In case Py is of full dimension, then, F(Po) represents a facet if dim(F(Po)) = n — 1, 
that is if and only if Po has a maximal chain of length one and F°(Po) ^ <i>. 

Definition 4.2.5 F(Po) will be a facet of Py if and only if Po consists of a single diset 
(4, B) such that 

F{T>o) = {x € P/ : x{A, B) = f{A, B) and for at least one x, tight 

with respect to (A, B),x(C,D) < f(C,D)y {C,D) € D{E)}. 

We now introduce the notion of separability of a diset (.4,5) with respect to Py and 
show that (A, B) represents a facet of Py, if and only if {A, B) is non-separable in Py. 
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Definition 4.2.6 (>l, B) € D{E) is said to be separable with respect to / if there exists 

iXi,X2),{Yi,Y2) € D{E), such that 

{XuXMyuy2)^^, (Xi,A'2)n(yi,F2)-<?^and(Xj,X3)U{K„>a) - (AJi) 

and/(JJf|,X2) + /(n,n) = (4.2.4) 

Consider the case when /(A, B) = b{A)+p{B), where 5 and p are subtnoduiar functions on 
E, and Pf = Q{p, b) is the generalised polymatroid. 

If for some Y C E, there exists X CY such that 

b{Y) = b{X) + b{Y/X). 

This implies that 

f{y,<f>)=f{x,<j>)+f{Y/x,4), 

and hence Y is separable with respect to /. Rank and Tardos [24] call X, the inner separator 
of Y with respect to 5. 

Similarly if there exists Z CE such that 

b{YuZ) + p{Z)^b{Y). 

This implies that 

f(yuz,<f>)+f{<f>,z) = f(Y,<i,), 

and Y IS again separable with respect to /. Frank and Tardos [24] call Z, the outer separator 
of Y with respect to 6. 

Inner and outer separabliy of F C £ with respect to p will also be derivable from (4.2.4). 

ditroid polyhedron Pa, independent disets will be separable. Separators of a set 
with respect to the submodular polyhedron and matroid polyhedron can also be derived 
from (4.2.4). In the theorem below we extend the results in [26] to the bisubmodular case. 

Theorem 4.2.1 (C,D) € D(E) defines a facet of V, if and only if, (C,0) is non- 

separable. 
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Proof Let the rows of A denote the characteristic vectors of D(E) minus the character- 
istic vectors of (C, D) and some (F, G) (C, D)) and let /, denote the diset function from 
D(E) to and /, = f{C,D),f, = /(P,G),o = X(c.D),fe = X(f.G). 

(C, D) does not represent a facet of Vj if and only if, the system, 

Ax < -j- 
ax = /, 
hx < /j 

has no solution. 

That is if and only if the system, 

—Ax -f /u > 0 
ax — /iu = 0 

[ (4.2.5) 

-hx -f / 2 U > 0 
u > 0 

has no solution. 


By Motzkin’s theorem it implies that (C, D) does not represent a facet if and only if the 
system 

—A^y -f a^z — b^t = 0 
fy-fizAfit + l = 0 
t, l>0, l + t>0, y > 0 
has a solution. 


In case < > 0, this implies that 


—A^y -I- a^z 

fy - hz 


= 6^ 

< -h 
> 0 


has a solution, and putting f = 0, / > 0 gives 

—P^y-\-dFz = 0 

fy-h^ > 0 ^ 

J/ > 0 


(4.2.6) 


(4.2.7) 
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has a solution. 

In order for (4.2.6) to have a solution, z 7 ^ 0, since 6 ^ is not a row of A'^. 

Let 2 > 0. Since A, a and 6 are all 0, ±1 this implies 
z = 1 and yi = I for some i (all other yj = 0 ) such that —a, -i-a = —b., 
that is, 0 = 0 ,- 6 , where a,- = X(X,y)- 
or, (C, D) = (X, Y) U (F, G) and (X, Y) fl (F, G) = <l>. 

From the second inequality, we have 

fl ^ /»■ + f2 

or f{C,D) > f{X,Y) + f{F,G). 

FVom submodularity of /, it follows that 

f{GD) = f{X,Y) + mG). 

Therefore, (C, D) represents a facet if and only if, it is not separable. 

For Z <0, (4.2.6) does not have a solution. Also (4.2.7) does not have a .solution. □ 
We demonstrate the above results through the following example. 


Example 4.2.1 Consider the polyhedron, F, on D{E), where F - {ei.ea} 


xi < 1 

-xi < 1 

X 2 < 1 

-12 < 1 

X1—X2 < 1 

+ X2 < 0 
+ X 2 < 2 



~Xi —X2<2 


Fig. 4.2.1 


defining 


f{A,B) = mzx x{A,B), 
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gives /(e.» = 1, /(^,e,)= 1, = l, /(e„e,) = l, 

/(f2 ,ej) = 0, /(cicj,^) = 2 and /(<^,Cie2) = 2. 

Since ^ n satisfies 2-8tep axiom, / is a bisubmodular function on D{E). a:i = 1, 
defines a facet of we now show that is non-separable. 

By definition (c,,^) does not have a non-trivial subset, and (^,62) is the only possible 
candidate for being a separator. But 

/((ei)^) U (^,€ 2 )) + /{e2,^) = /(ei,e2) + /(e2,^) 

= I + l f{ei,<f>). 

It can be easily verified that —X 2 = 1, Xj — 12 1 sind —Xi + X2 = 0 represent the other 

three facets, and the corresponding disets are non-separable. 

-Xi = 1 does not represent a facet, since {<f>,ei) = (e2,ei) U (^,62) and 

= 0 -f 1 = 

Similarly it can be shown that (62, <f>), (ci 62, <f>) and (<f>, ei 62) do not represent facets of V, 
since they axe separable. 

In [41] Peled and Srinivasan have given necessary and sufficient conditions for {S,T), 
where S, T CV and 5 fl T = ^, to define a facet of a degree sequence poly tope 

We show here that all (S, T) defining facets of £>„ are non-separable. 

Consider the case when, n > 3, jS U T] > 1 and jS] = |r| ^ <f>. 

(S,T) does not have a separator such that iA,B) C {S,T) and f{A,B)+f{SIA,TjB) = 

mn 

Let {A,B) C (5,r), {A,B) € D{V) and let \S\ = s, |r| = t, \A\ = a and \B\ = b. Then 

f{A,B) + fiS/A,TtB) = a{n-l-b) + {s-a){n-l-t + b) 

= s{n — l—t) + a(t — b)-\r b{s — a). 

Since a{t — b) and b{s — a) both cannot be zero simultaneously, it follows that 
f{A, B) + f{SIA, TIB) > f{S, T) for all {A, B) C {S, T). 


(4.2.8) 
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For {A,B) € D{V), consider 

f{{SJ)l}iA,B)) + f{B,A) = + + 1 -*«) 

= 5(n-l-0 + a(«“ i + 

b[n — l—a — s). (1.2.9) 

In case jiS U Tj = n, to find (A*!, JCj), (3^j Fj) such that (.Vj >Aa)n(i’j,} 3 ) =; ^ 

and {Xi,X 2 ) U (Fi.is) = {S,T) not possible. Thus {S,T) in this case has no sk-parators. 

For |5 U r| = (n — 1), (n — 2), we can select a, b such that n — 1 — f - 0 and 

n — l-a-s = 0 and hence, 

/((5, T) U (A, B)) + /{B, A) = fiS, n 

that is for |5 U T] = (n — 1), (n - 2), {S, T) does not define a facet of /)„. 

For |5 U r| = 2, 3, . . . , (n — 3), it can be easily seen that 

a{n — I — t — b) + b{n - 1 - a - s) > 0. 

Thus for all (5, T) such that |5 U r| = 2, 3, . . . , (n — 3), n, (5, T) defin<*8 a facet of />„. 

All these results tally with the results in [41]. 

In case {S,T) = i € V, no subset of {<f>,i) can be a separator arid for the H<*parators 
(A, B + i) and (B, A), (4.2.9) reduces to : 

U (A, B)) + /(B, A) = o(n — 1 — l — ft) -}. ft(n _ j _ qJ 

= u(n-2-ft) + ft(n-l-a)>0 = /(<i,i). 

That is (^,i) has no separator for n > 4. This verifies the result in (41| that = 0 or 
-Xi =^^s a facet of B„, for n > 4. 

Consider the case, when (5, T) = (i, <^), t € V. 

The only separator if possible, are of the type (B, A) and (A + *, B) and in this ca.He (4.2.9) 
reduces to : 

/((t,fli)U(A,B)) + /(B,A) = (n-l) + a(n-l-ft) 4 .ft(n-l -a - 1 ) 

- (n ~ 1) + a(n - I - ft) 4- ft(n ~ 2 ~ a) > n - 1. 
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Thorefurc M) h*. separator, for all n > 4, and for all possible choices of e, h, such that 
ah^O. X, = {n - 1) has been shown to define a facet of £>„, in [41]. 

For a fix<*cl T qV, define 


F{T) = {xeTf : x{T) = f{T)}. 

To show that a face of a bisubmodular polyhedron is also a bisubmodular polyhedron, we 
prove the following result. 

Theorem 4.2.2 is the bisubmodular polyhedron. 

= {TeVf : x{A) < f-riA); \/ A € D{E)}, 

where 

MA) = f{A uT) + f(A nr) - /(T). 

Proof. Let x € F(T), then 

x{X) = x{Xr)T) + x{XvT)-x{T) 

< fiXnT) + f{X[JT)-f{T) = fT{X) 

=> reP/j.. 

Now, let X € Pjti then 

f(T) = MT) > x(T) = -x(-T) > -M-T) = f(T) 

=s- x{T) = f(T) 

= 4 > x€F(T) 

^ F{T) = V,r. 

To show that Vf^ is a bisubmodular polyhedron, it will suffice to prove that, /r is a bisub- 
modular function. 


Let A, B € D{E)^ then 

MA) A MB) = f{AUT) + f{AnT) + f(B[JT) + f{Br)T)-2fiT) 
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> /((^uT)u(Bur)) + /{(/iur)n{/?un) f 

f{(A n r) u (B n T)) + /{{A n T) n { B n 7') ) 2/( T) 

> f{{AU B)UT)-¥ f{{AnB)nT) - mT) + 

f{{{A u T) n (B u T)) u ((4 n r ) u ( B n 7') ) ) + 

/(((4 u r) n (B u r)) n ((4 n r) u { B n /') ) ) 

= /({4U B) UT) + /((4n B) n T) — 2/(7 ) + 

/((A u B) n T) + /{{A n B) u r) 

= {/({AuB)ur) + /((AuB)nT)-/(r)} f 
{ /((A n B) u T) + /((A n B) n T) - /('D 

= /t(A UB) + /r(AnB). 

Hence, fx is a bisubmodular function. This shows that F{T) is a bi.Hiil>n«Hlular 
polyhedron. □ 

4.2.2 Facets of Other Bisubmodular Poiyhedra 

Consider the ditroid polyhedron and let T be non*separab!e with rrHpfi t to 'rhen 

hxiA) = /t(A U T) + k{A n T) - h{T) 

can be shown to be a ditroid rank function, and hence the lenmia beltw follows. 

Lemma 4.2.3 Every facet of a ditroid polyhedron is also a ditroid polyhedron. 

Proof. Let r € D{E) define a facet of a ditroid D = {B,I), and let h denote its rank 
function. We will show that hj is the rank function, of a ditroid. 

By definition of hj we have, 

M^) = h{<j>[JT) + h{<f>nT)~h{T) 

= h{T)-k{T) = (i. 

Let A € D{E), then 

M^) = h{A\JT) + h{Ar\T)-h{T) 
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< h{A) + h{T) - h{T) = h{A) < j>l|, 
since A is a rank function of Z? = (E,I). 

I>et A C B then, 

hriA) = h{A{JT)Ah{Ar\T)-k{T) 

< h{BUT) + h(BnT)-h{T) = hr{B), since A i. ^onotonic. 


For A, B e D{E), 


^t{^) + kx{B) = 
> 


> 


k{A u r) + h{A n r) + k{B u r) + h{B nr) - 2h{T) 
hi{AUT)[J{B[JT)) + h{{A(JT)r\{B[JT)) + 

h{(A n r) u (B n r)) + k{{A n r) n (b n r)) - 2h{T) 
k{{A U B) U r) + h{{A n B) n T) - 2 /i(T) + 

k{{{A u r) n (B u T)) u ((^ n T) u (B n r))) + 
h{{{A u T) n (B u T)) n ((/i n r) u (B n r))) 
h{{A u B) u r) + h{{A n B) n r) - 2h{T) + 
k{{A u B) n r) + h{{A n B) u T) 

{M(>iuB)ur) + A((>iuB)nr)-A(r)} + 

{ k{(A n B) u r) + h{{A n B) n r) - h{T) 

hriA U B) + hriA n B). 


Hence hx is a bisubmodular function. Also Aj is integer valued, since h is. This shows that 
hx is a ditroid rank function. Thus Vh-r is a ditroid polyhedron. □ 


As in lemma 4.2.3, let T 6 D{E) represent a facet of Vh- Then 

hxiA) = h{A) for all ACT. 

Let Dx denote the ditroid represented by ‘Pht- We see that Bj is the restriction of the 
ditroid D = (B, J) to T. 

It has already been shown in [24] that every facet of a g-polymatroid is again a g- 
polymatroid. 
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(i) f. € 7\ (ii) e. € (iii) e, ^ T 
case (i). c, € Tj. 

Then, 6r{c.,^) = b{e„<i>) + b{T) - b{T) = b{e„<j>) = 1 or 0. 
case (ii). e, € T^. Then 

b-rie„<f>) = b{Tr\{ei,<l>)) + b{TUiei,(f>))-b{T) 

= b{<i>,<i>) + 6((7’„r2) u (e.,^)) - 6(ri,r2) 

= b{Ti,7l)- b{Ti , r2), where = 7’2/C, • 

^0. [by third property of b] 

Again 

K7i,7^)<6(ri,T2) + 6(c.-,^) 

=> KTrX)-KTuT2)<b{e,,<f>) 

6(Ti,7^)-6(Ti,r2)<0 or 1. 

This implies that 6r(c„ ^) = 0 or 1. 
case (iii). e, ^ T*, then 

= 6(rn(ei,,i)) + 6(ru(e.-,<?i))-6(r) 

= b{in,T 2 ) U (e.-,-ji)) + 6{fli,<^) - 5(Ti,r2) 

= 6(7^, r2) - 6(ri, 7*2) where + e. 

>0. [ hy third property of b.] 

Again 

b{TiT2)<KTi,T2) + b{ei,<f>) 

^ 6(T(,7’2)-Kri,r2)<Ken^) 

b{T{,T2)-biTi,T2)<0 oT 1 . 

This shows that 6r(c,,<^) = 0 or 1. Hence in all cases ftrCe.-,^) = 0 or 1. 

Property (3) Let Ai C Bi, B 2 C A2 for (^1,^2), € !>(£?). We show that 

6 j’(Ai,A2 ) ^ bj{^B\,B‘^. 
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To prove the above, we will first show that if C ih Q .4, and ifiuBi) 

belong to D{E) and T = {TuT^) then, 

(i) AiDTiQB^nTi. 

(ii) BanTjCAanla. 

(iii) {A, U Ti)/(A 3 U Ta) C U T0/(Ba U Ta). 

(iv) (Ba U Ta)/(Bi U TO C (Aj U Ta)/( Aj U TO- 

(i) and (ii) are easy, since AiQ Bi Aj H Tj C B| fl Ti 
andBjCAa BanTaCAjnTa. 

(iii) Let ee(AtUTi)/(A 2 UT 2 ) 

^ e € (Ai U Tj) and e ^ (Aj U Tj) 

=» c€Ai or Tt and e^Aj and e^Ta 

e € Bi or Ti and e ^ Ba and e ^ Ta 

e € (Bi U Ti)l{Bi U Ta). 

Thus (Ai U rO/(Aa U Ta) C (Bj U Tx)l{B^ U T^). 

(iv) Let c 6 (B 3 Ura)/(BiUri) 
e € (Ba U Ta) and e ^ (Bi U TO 

e € Ba or Ta and t^B\ and t^Ti 

e € Aa or Ta and c ^ Ai and e Ti 

e€(AaUT2)/(AiUT0. 

Thus (Ba U Ta)/(Bi U Ti) C (Aa U T 2 )/(Ai U Ti). 

Now, using the bisubmodularity of 6 and the above four relations, we have 

M^,A2) = K(^i,A2)n(ri,Ta)) + 6((Ai,A2)U(T„Ta))-&(T) 

= 5(Ai n Ti, Aa n Ta) + &(>li U Tj/Aa U Tj, Aa U Ta/A, U 'A) - M^) 

< 6 (Bi n A, Ba n Ta) + b{Ai U A/Aj U Tj, Aa U Ta/A, U A ) - KH 
= b{{Bi, Ba) n (A, A)) + K(Bi, Ba) U (A, Ta)) - 6(T) 

= MBijBa). 

Hence Vb^. or F{T) is a pseudomatroid pwlyhedron, with bf as the defining rank 
function. □ 



4.3 Extreme Points 


In this section wc cha^rdctcrize extreme points of 'Pj. It is shown that extreme points on the 
suhnicxlular polyhedron, the pscudomatroid polyhedron, the degree sequence polyhedron 
etc. ar<’ all obtainable as special cases of the these results. For ease of presentation we will 
throughout assume that dim Vf — n. 

Definiition 4.3.1 x € ‘P/ is an extreme point of Pj, if it is a zero dimensional face of 
Pf. That is if rank F{V) = n, where P is a set of all non-cancelling ar-tight sets and F(T>) 
is as defined in (4.2.3). 

From the definition of the dimension of a face, it follows that if x € P/ is an extreme 
point, then there exi.sts at least one maximal chain of x-tight sets of length n and let the 
chain be denoted by 5 : ^ = 5° C 5^ C • * • C 5" in P, where 5" = E. This implies that 
the i^^ component of x is 


Xi = x(e,) = 


1 




if Cj € 51 
if Cf€5i 


(4.3.1) 


for each i — 1,2,. .. ,n. 

Thus, if 2> is a collection of all the non-cancelling x-tight disets for x an extreme point of 
Pf, then 2? is a simple distributive lattice. It is to be noted that, there may be more than 
one set of non-cancelling tight disets, and hence more than one simple lattice of tight disets 
corresponding to the same extreme point. 

Theorem 4.3.1 Let P/ be a fully dimensional bisubmodular polyhedron, x € P/ is an 
extreme point of P/ if and only if there exists a complete chain 5 ; = 5° C 5^ C • • • C 5" 

of x-tight disets in D{E). 

Referring back to the example 4.2.1, consider the extreme point A = (1,1). The tight 
sets corresponding to this point are Xi = 0, X2 = Ij ~®i + — 0 and Xi •+ X2 

The two sets of non-cancelling tight sets axe Xi = 1, xj = 1, + xj = 2 and X2 = 



, -ii + X 2 = 0, and the two chains corresponding to the first set of tight constraints are ; 

= (ci C 2 ,^) and T* s= (ea,"^), T® = (ci 
nd the chain corresponding to the second set of tight constraints is : 

= (ea,^) and 2® = {es.ej). 

f only the facet inequalities were considered in describing P, then the second set tjf the tight 
onstraints will be the only tight constraint with respect to A = (1,1) and hence only one 
hain Z, of tight sets. 

If P/ is a submodular polyhedron, definition 4.3.1 reduces to the definition of an extreme 
>oint given by Fujishige [25]. 

Alternative definition of an extreme point of P/. 

We can also obtain extreme points of P/ by using the generalised grmiy algorithm given 
a section (3.3). 

or a cost vector c € consider the linear programming problem 

max cx 

subject to * € P/. 

)efine P(c) = { . . . ,i„ | |c,. j > |c,J > • • • > |c„l } as before. 

Let p = (ti, i 2 ...,i„) 6 P(c), and we order the elements of E according to p. If i is 
ggs for the above linear program, we see from (3.3.3) that it is a face of diiiU‘a.sion zero 
ad hence an extreme point of P/. In fact x is the ggs corresponding to all permutations 
► € P(c). For a given c, we notice that it is the ordering of the values of r.’s, rather than 
heir actual values which define the ggs. Thus all extreme points of P, will be obtainable, 
« the ggs corresponding to the n! permutations of {1, 2....,n}. Therefore n! is an upper 

>ound on the number of extreme points of Vj. In case / is a polymatroid function, the 
lefinition reduces to the one given in [54]. 

Given a point i € St”, we want to know, whether the point x is an extreme point of V, 
not. The toUowing algorithm will answer this question. 
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Algorithm 


M. AIN PROGRAM 

hfgin 

A' = {1,2,3 n} 

Initialization Ni = N and iVj = JV 

jfc = 0, = B^ = ij> 

while Aj ^ ^ 
begin 

choose t € A 2 

call subroutine ( A*, B*, i, Ni, N2 , ). 

If (Fa) or (F4), then A2 = A2-{i} 
end 

If iVj = jVj = then x is an extreme point, if Aj = ^ but 
Ni i=- 4 >, then x is not a extreme point of "P/. 


Subroutine (A*', J3'', t, Ai, A 2 ,). 

begin 

T, = (A* + Ci, B’’)x = /(A* + ei,S*) 
T2 = {A^ + ti)x = /(A*, B* + ti) 

F^ = (Ti) .AND. (NOT Tj) 

F2 = (NOT Ti) .AND. (T2) 

Fa = (Tx) .AND. (Ta) 

F4 = (NOT Ti) .AND. (NOT T2) 

If (Fi) 

begin 

Then jfc = 1: + 1, eib = e.- 
At = A’-' + et, 

JV, = JVi/O}, 


I 



end 


If (Fa) 

begin 

Then fc = i + I. e* “ r, 

A*‘ = A^~\ f#* ^ /#* ‘ ♦ 
.V, = Ntf{i), S, .V, 


end 


end 


Validity of the Algorithm. 


Ni = <l> . In this case a chain of length n, consisting of tight wts with rfsjxH i to x has 
been found and hence x is an extrenne point of Vj. 


■^1 Let |JVi| = n -■ r > 0. In this case the algorithm stops after finsling a chain 

<S^ C 5^ C • • • C 5', of length r of tight disets with respect to z. We will now show that if 
X is an extreme point than the algorithm would not have stopped at S* . 

Let T be a chain of length n of tight disets with respect to x. 

case (i) T is non-cancelUng with S^. Either T* D in which case ,s" u /*» is tight 

with respect to x and the algorithm would not have stopped at 5'. Or V is the first set of 
T, such that C 5' but T % S'. In this case S' U is again x tight, and the 

algorithm could not have stopped at S'. 


case (ii). T is cancelling with S'. Let j be the first index for which ^ let 

Z = P/S% thenlZl = l. 

Also {Ti/Sm/SD is x-tight and hence (S[ U (r//S5),S5 U (Ti/SD) is also x-tight. But 
(SI U {Ti/SD, SI U {Ti/SD) = S' U Z. 


Thus again the algorithm could not have stopped at S'. Therefore x is not an extreme 
point of Vf. 


It may be possible to generate efficiently all the chains 


with respect to an extreme point 
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X € P/, it fitn he shown that for a full dimensional polyhedron, the number of 

chains will lx- l«>und by a polynomial in the dimension of Tj. 

In caM- / is also non-decreasing, then / is a rank function (since we have throughout 
assumed that /(^,^) ~ 0.) and the above algorithm will simplify to a great extent, by 
defining A', = Nj = {ie N : 0}. Then for all * € M = jVj, F 3 will not occur. 

4.3.1 Extreme Points of Dijfferent Kinds of Bisubmodular Poly- 
bed ra 

(1) Ditroid Polyhedron. 

Consider the ditroid D — (B,!). Qi, L. ([43], [44]), defines a ditroid polyhedron as 

n = (x € 3?" : x{y4) < h{A) for all A G D{E)}, (4.3.2) 

where h is a ditroid rank function, h defined on D{E) is bisubmodular. Hence Th is a 
bisubmodular polyhedron. If x G P/ is its extreme point, then x is generated by some chain 

5 ; ^ = S® C 5* C • • • C S"* where 5‘ = {ei, C 2 , • • • , e,} and 5” = E, 


and 


X,- 


= x(e,) = 


h(5‘) - hiS'-^) 
k{S'-^) - hiS^) 


if C; G S{ 
if e; G S 2 


where the elements have been numbered with respect to the chain S. 

Since k is the rank function, it follows that x is the characteristic vector of a diset 
{A,B) C (5r,5j). Also 

x{A,B) = \AVB\ = h{A,B). 

This implies that (A, B) is an independent diset, and Th is the convex hull of the character- 
istic vectors of its independent disets [43]. 


(2) Base Polyhedron. 



Fujishige, S. ([26], [28]), define a base poiyhetiroii as 

= {x € »” : x{E) = b{E), x{A) < H^) for all .-t C K), 

where 6 is a submodular function on subsets of B. 

From section 3.2.2, we get — where 

f{A,B) = b{A} + b{E/B) - HE). 


Thus, 

fiA,(f,) = b(A)joT kWac f ;. 

If X is an extreme point of Vf, then there exists a maximal chain : 

S: S^C5*C"C5*, 

such that 

Xi = f{S*) - /(S*-*) for i = 1 ,2, . . . , n. ( 4 . 3 . 3 ) 

Clearly, in this case 5"' = {Sl<f>), Now putting the values of / in terms of b in the rela- 
tion (4.3.3), we get the required characterization of a point to be extreme {H)inl of a base 
polyhedron given by Fujishige [26]. 

(3) Pseudomatroid Polyhedron. 

Chandrasekaran and Kabadi [7], define the pseudomatroid polyhedron as 
Pb = {x(d, B) < 6(4, B) for all (4, B) € D{E)), 
an integer valued, bisubmodular function on D(E) satisfying the following 

conditions : 


1 . 6(^,^) = 0 . 

2. 6(c,-, ^) = 0 or 1 for all c,- € E. 

{ACC; DCB; (4,B), (C,D)eD{B)} 


=» HA,B)<b(C,D), 
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Uvrv b h ihv rank funrtion of the pseudomairoid (E,:F), represented by V,. Since this is a 
hisuhmodular p<.lyhe<!rcm, an extreme point a: of % is characterized as in theorem (4.3.1). 


Again b being the rank function of the pseudomatroid it follows that 

b{S') - 0, if e. € V i', and b(S') - = 1, for e.- € Sj Vi, therefore 

T, = 0 or 1 . 


I^el A — |f, : X, — 1}, then b{A,<f)) — |j4|, implies A ^ J-. Hence the pseudomatroid 
polyhedron is the convex hull of the characteristic vectors of the sets in 

(4) g-polymatroid. 

From s<*ction 3.2.3, we know that a g-polymatroid Q(p,6) = Vj, where 

/(A,B) = KA) + p(B), V(A,B) € D{E). 


Therefore, 

fiA,<^) = b{A)mdf{<t>,B)=p{B). 

Now, X will he an extreme point of Vf, if there exists a maximal dhain 


5: S*C5*C--*C5", 


/{5‘)-/(5‘-') ifc.€5l 


(4.3.4) 


In this case 


such that 

^.^f(5j,«i) ifi 
\{<j>,Si) if* 

Where F, is an index set, with |F,| = q. 

Order the elements e,- such that i € Fq according to 5”" and the remaining (n— 9) element. 


e Fg 
iFg. 


according to the reverse order of i putting the values of / in terms of b and p in th< 
relation (4.3.4), we get 

i f / nt\ LA oi““i \ ;+ • AT #y' 

(4.3.5 


f h(5j)-K'^r') ifieF, 
1 “ p(^*) ^ ^9 


where G' = (c,-, e.+i, . . . , c„). 


This coincides with the result obtained by llassin in (*U1|. 

(5) Perfectly Matchable Subgraph polytopc. 

We know that it is a pseudomatroid polyhedron, or more pttxlm-ly a mat. hing pwu- 
domatroid polyhedron. So each extreme point of this polytope is a perfectly tnatrhable 
subgraph of a graph G = {V,B). And if the corresponding pH«-udoni.itruid is (i . J). then 
this polyhedron is the convex hull of the characteristic vectors of the sets in JF. 


(6) Degree Sequence Polytope. 


If z is an extreme point of a degree sequence polyto}>e then frotu sec tion 4. 4, -I, there 
exists a chain 

S-. 


of the node set V, such that 


where {*} = S'/S*~^. 


Xi - 




if * € 
if i € Sj 


We have 

/(S') = /(Si.sj) = |s;i(n - 1 - |s;|). 

= f(si,s‘)-f(si-\4-') ities- 

= is;i(n - 1 - 1^,1) - |s;--|(„ - 1 - 15 ;-'|) 

= ('>-i-|y,l)(|s;i-|s;-‘) 

= ("-i-is?!). 

n = /(s;->,sj-')-/(sj,s5) ifiey, 

= - 1 - |y,-'|) - |Sj|(n - 1 - l^jl) 

= l'5i''l('>-l-|^''|-n+l + |Sj|) 

= isi-'i. 


8incMl.s;i = |s;-'ll 

(4.3.6) 


8i..ce[lSJ-‘l = |5ill 
(4.3.7) 
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For no<io8 in 5,". the drgr<'e« arc non- increasing and for nodes in 5J, the degrees axe non- 
d<Trertsing. With litth- more work it will be possible to show that x represents the degree 
fieqnence of a threshold graph, whore 5," is the clique K and Sj is the stable set L 

To show the con verse, let (di, . . . ,d„) be the degree sequences of a threshold graph on 
the mxle set V' = A' U /, where K denotes the clique and / the stable set of the threshold 
graph. K and / are uniquely realisable. 


hei 5" = K and = /, arrange d^’s in non-decreasing order. Let *i be the first index 
for which d,, -.j < d,, . 

Define 


SI = (I). .<r‘ = s; = $1 = W... 


- 1}, S5‘-‘ = w. 


and 

Let tj be the next first index for which dfj.i < d{j. 

Define 

and 

_ .{tjj tj -f- ij, . . . , 5^’ ^ = {iijti + 1, • • • }*2 ~ l}j 

and 


We continue with this process till a full-length chain 


S:’S^CS^C--CS^, 

is formed. This chain will generate the point (di,d 2 ,. • .,dn), where 


d.= 


/( 5 ’) - 


4.4 Characterization of Adjacency on P/ 


Adjacency of extreme points on the submodular polyhedron has been chara. leri/ed in (52] 
and [54]. We generalise these results to define adjarenry of rxtrrtne poinln tm thr hisuhinod- 
ular polyhedron Vf. Existing results for special bi.nthnimltilar {Kilyhrtira ran hr obtained 
from these general r^ults. 

Definition 4.4.1 Two extreme points x and y € P/ are adjacent if and only if the 
collection of tight constraints with respect to x and y both has rank (n ~ I). 


4.4.1 Necessity 

Here we establish necessary conditions for two extreme points of Vj to br atijarrut. 

Theorem 4.4.1 If x and y are adjacent extreme points of Pf, then either 
lA(a;,y)| = 1 or lA(a:,y)| = 2. 

Proof. Since x and y are given to be adjacent on P/, the sets of tight ronstraints with 
respect to x and y must have (n — 1 ) linearly independent constraints rominon and these 
(n - 1 ) constraints must define a 1 -dimensional face, that is an eilgr of P/. 

By lemma (4.2.2), the sets tight with respect to both x and y form a lattice, say P 3 of 
rank (n - 1 ) and dimF(D 3 ) = 1 and F°{Vs) f 0 . 

Also 1)3 is a sublattice of a lattice Vx of tight sets with respect to x and a sublattice of 
lattice Vi of tight sets with respect to y. 

This implies that there exist maximal chains 5 : S* C S* C ■ • • C .S’" in Vi and 
T : C T* C • • • C T" in ©2 such that, 
either 

case(i) p = S\ i = l, 2 ,...,(n-l) 

and T" = 5J + e„), if e„ is a forward element of 5" 
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- <‘n,»'^ 3 /fn), if e„ is a backward element of 5 ”. 

Or 

case (ii) 7* ~ S' i = 1,2, f for some I € {l,(n-l)), 

and 

For case - (i}, 

if, = I,-, fori = l,2,...,n-l. 

and since x and y are distinct points of Pj, i„ y„. This impUes that lA(x,jf)| = 1 . 
hor case - (ii), let us assume that ej and ei+i both are forward elements in S. Then 

and x,+, = /( 5 '+')~/(S^) 
also y, = fiS‘*^/ei} - f{S^) 
andyi+, = /(S'+* ) - /(5'+Ve,). 

Since x 5 ^ y, it follows from above that f{S^) ^ and in this case x/ ^ y\ and 

^f+i 9 ^ yf+i- Therefore jA(x,y)j = 2, and T differs from S in the order of e/ and ej+i. Other 
cases can be handled in a similar manner. O 

4.4,2 Sufficiency 

We now obtain sufficient conditions for two extreme points x and y €.Vf io be adjacent. 
Let S : 5* C S'* C ' • • C S’" be a chain associated with x. 

Theorem 4 - 4.2 If x and y are extreme points of Pf with |A(x,y)| = 1 , where Xn ^ Vn 
then X and y are adjacent, and 

-x„ + S, if c„ is a forward element in S" 

Vn ~ ^ 

—Xn ~ if fin is backward element in S". 

I* 

Where 

I /( 5 n) _ /( 5 «/e„, SJ + e„), if e„ is a forward element of S 
~ I /( 5 nj _ 5?/c„), if c„ is a backward element of S. 



Proof. Since ij = yt, tor ill i n, implies 

s{S') = /(S') = »(-‘'') 
i(S’) = /(S’) = Kl-S*) 
i(S’) = /(S’) = »(.S’) 


r(S-')=/(S”-') = v(S"'')- 

So we have (n - 1) linearly independent common tight conatraintl with rmprrt to r aa well 

as y, hence x and y are adjacent. 


Given that y is an extrenw point of Vj, there existit at leaal uiie rhain say T of ri tight 
disets with respect to y. Since C C C S'*”* already form a ihaiii of length (n - I), 
the n*^ set can differ from S’* in e» only. laet 



(Sf/CnjSa + c„) if Cn ia a forward element of S" 
(S| + e„, Sj /e„) if e„ is a backward element of .S" 


and T : T' C C ••• C T", where T* =s S*, i = - 1), will form a chain of 

n-tight disets with respect to y. 


Consider the case, when e„ is forward in S’*. Then T** ss u and 

Vn = -/(r*) + /(r"~») 

= /(s’*-^)-/(n 

= /(*?”■')- /(S’*) +/(s«)-./(r*) 

= -Xn + KS^)-f{T^) 

= -a:„ + ^. 

In case Cn is a backward element in S’*, then 
Vn = /(T**) - /(r”-i) 

= -/{S’*-*) + /(r*) 

= -/(S’*-*) + /(5") - /(S’*) + /(T") 

= -aJ«- /(S’*) + /(!’«) 

Xfi D 


i 
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Theorem 4.4.S If x and y are two distinct extreme points of 7>/, and 

A(x, y) = f,+, }, for some f € (l,n - 1), where the ordering of the elements of Vf is wit] 

respect to some chain 5 of tight discts with respect to x, and T is a chain non-cancellinj 

with 5, with respect to y such that = T' i = 1,2, ... n, i / then x aad y are adjacent 

and 

yj = + 6, yi.^j = X /+1 — 8, if {ej, ej+i} are both forward elements of S 

yi = Xi — 6, yi^i = X|^j -f if {€i,e/+i} are both backward elements of S 

I/J ~ ~X| ” 6, y;+i = — Xi 4 .i — S, if ei is a forward and ei^i is a backward element of S 

Vi — —xj + 5, yi+i = —xi+i + S, if e< is a backward and e/+i is a forward element of S. 

Where S = /(S'+Vcf) - /(S% 

Proof. By the statement of the theorem, the ordering of T is 

r ~ • 1 !■> ®J+2 • • • 5 ®n}* 

From this it follows that x and y satisfy the (n— 1) tight constraints with respect to the disets 
S^'^^y . . . , S”, which are linearly independent. Hence x and y are adjacent. 

In case {«j, ci+i } are both forward elements of 5, 

y, = 

= S(S'*'h) - /(S') + f(S') - /(S'-’) 

= X/ + 

and 

VM = /(5'+')-/(S'*'/e.) 

= /(5'*’ ) - f{S‘) + !(S‘) - /(S'*’/e;) 

The remaining cases can be handled in the same way. □ 

Theorems (4.4.2) and (4.4.3) allow ns to bound the member of extreme points adjacent 
to a given extreme point on a bisubmodular polyhedron. 



From theorem (4.4.2), there can be at mo«t |li| atijarriit rxtrrtiir simr the 

position in a partial order with respect to the given extmiie }>«»int may be tx t npifxt hy any 
e € J5. And from theorem (4.4.3), for every distinct pair f,.e^ € 1C. there can he at jihwI one 
adjacent extreme point, which differs from the given extreme point in the t»rder i>f e,, 

The total number of such adjacent extreme point.<< is therefore hotunhHi hy 

Thus an upper bound on the number of extreme points adjacent to a given extrenre point 
is (|f;p + i£i)/2. 

Going back to example (4.2.1), consider the adjacent p«>ints (1,1) ami { 1 , 1 ). Here 
|A(x,y)| = 2. 

Sx ^ = S®C 5* = (ea,^) C 5* = 
is a chain of tight sets with respect to (1, 1). 

Construct the chain T by reversing the order of ea and ei in S. Therefore 


T; ^ = r» C r> = (^,e,) c r = 

Wt Ke that T in the diain of tight sets with t«p«t to ( - 1 , - 1 ). „„i .« „„i /• i,...- one tight 
set common between them. 

If we consider the adjacent points (I, I) and ( 1 , 0 ), then |A(T,y)| = 1 and 

S: 4 = CS^ = {ei,4)cS^ -{eieu4>) 
is a chain of tight sets with respect to (1,1). 

Comtruct the chain T, by making the last element of 5, backward, so, 

r“cr‘=(e,„^)cr> = (e.,e.) 

1, xi - xa = 1 with respect to (1,0). 


T: <j> = 

and this gives the tight sets xi = 
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4.4.3 Adjacency on Different Kinds of Bisubmodular Polyhedra 


In this wrtion w<* rhArActcrize adjacency on special kinds of bisubmodular polyhedra. Using 
the sufficiency criteria given in tbwrems (4.4.2) and (4.4.3). We assume that these polyhedra 
are all full dimensional. 


(1) Ditroid Polyhedron Vh- 

If j and y are two extreme points of Vk, then x and y are the diaracteristic vectors of 
indejM'inlent disets say P and P of the corresponding ditroid D = {E,I). 

if X and y are adjacent on Vh &nd lA(x,y)l = 1, it follows from theorem (4.4.2), that in 
ca.se x„~ Uy«= I or 0, and in case Xy, = -1, yn = 1 or 0. 

And if lA(x,y)l = 2, then from theorem (4.4.3), 6 = 0 and if = 1, 

then y, = 0, i.e., S = -1. This implies that = 0 and s,+i = 1. Therefore, if e, e e as a 
forward oloinent and e,+, then P contains e,+, and e, does not belongs to rt. 


(2) Degree Sequence Polytope Dn* 

if X and y are extreme points on then since they represent degree sequences of two 
graphs on the same node set V, IA(x,y)| ^ !• 

Also scon in se tion 4.3.1 (6) of this thesis, s must be a degree sequence of a threshold 
graph 6’( V', K , ) and V must be a degree sequence of a threshold graph G( V, £ 2 ). 

It can be easily verified that the various characterizations of adjacency given in lemmas 
3.2, 3.3 and 3.4 of [41], all satisfy conditions of our theorem (4.4.3) and that our 
(4.4.1) and (4.4.3) reduce to the condition \Ei ® E^l = 1- 

(3) Base Polyhedron 

Since a fully dimeusiona. ha»r polyh«lron has dimeuslou (|£| - «. ‘he statements of 
theorems (4.4.1), (4.4.2) and (4.4.3) wfil need to be modified. 

In any case, since we are not dealing with directed sets, second part of theorenr (4.4.1) 
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and theorem (4.4.3) will be applicable, and it can be shown that in this case these two 
theorems reduce to the characterization given by Fujishige [26] for two extreme points of a 
base polyhedron to be adjacent. 

Adjacency criteria on polymatroid polyhedron and g-polymatroids are obtainable from 
the criteria on Bb and hence these results are also special cases of theorems (4.4.1), (4.4.2) 
and (4.4.3). 

(4) Pseudomatroid Polyhedron Pj. 

As was mentioned earlier, the pseudomatroid polyhedron is the convex hull of the char- 
acteristic vectors of the independent sets of the corresponding pseudomatroid. Let J, y € Pj 
be extreme points and let x = x(-^)» V — xi^)^ A, B £ F (the set of independent sets of 
the pseudomatroid). 

Theorem (4.4.2) implies that A and B are adjacent independent sets if A Q B and 
|A| = 1^1 — 1. Theorem (4.4.3) implies that A and B are adjacent independent sets on Vb if 
|A| = |B| and A = {B + j)fk for some j € A/B and k € B/A. 

The perfectly matchable subgraph polytope Vp is a pseudomatroid polyhedron and hence 
the diairacterization of adjacency on Vp is obtainable from theorems (4.4.1), (4.4.2) and 
(4.4.3). Which reduce to the characterization of adjacency by Balas and Pulleyblank [1] on 

Vp. 


4.5 Separation Theorem 


In this section we prove a separation theorem for the bisubmodular polyhedron Ff. Sepa- 
ration theorems for polymatroids [2] and for the delta-matroid polyhedron are special cases 
of this theorem. It is also shown that the bisubmodular function minimization and the 
separation problem for the bisubmodular polyhedron Vj are equivalent. 

Definition 4.5.1 For x, y we say y -< x if and only if |ye| < |xe| for all E. 
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We first prove a min-max theorem for Tj. 

Theorem 4.5.1 Let / be bisubmodular on D(E) such that = 0 and x 6 K". 

Then 

max{y(X,y) :y^x,yeVf} = mm{f{A,B)+x{XlA,YfB); \/{A,B) C (4.5.1) 

where 

A" = {e € £? : Xe > 0} and y = {e 6 £ : Xe < 0}. 

Moreover, it / is integer-valued, there exists a maximizing y eadi of whose component is an 
integer combination of elements of (xe : e € U {!}. 

Proof. Let (Ao, Bq) C {X, Y) be the minimizing diset for the right hand side of (4.5.1). 

since yeVf => y{Ao, Bo) < f{Ao, Bo) 
and y X y(X/Ao, Y/Bo) < x(X/Ao, Y/Bo). 

These two together imply that 

y(A',y) ^ f{Ao,Bo) + x{XfAo,YlBo), Vy €P/andy -< x, (4.5.2) 

therefore, right hand side value > left hand side value. 

Now consider any y € P/, such that y X x. If for some e 6 X, y* < Xe, increase ye by 

min {xe - ye, min {f{A, B) - y{A, B) : {A, B) C {X, Y)},e^ A}, 

and the new y will still be feasible. Thus for every c € X, such that ye < x* and y^ cannot 
be increased any further, there exists (Xj, Xj) C (A',y) such that y(A’i,A' 2 ) = /(Xj, Xj), 
and c € X\. 

Let {A,B) denote the union of all such sets. Then y{A,B) = f{A, B) and for all e € X 
such that ye < x*, e € A. 

Similarly, if e € T and y^ > x*, ye can be reduced by adding 

max{xe-ye, max{y(yi,y 2 )-/(yi,y 2 ) : (Ti.yj) C (X,y)},c € Tj}, 



and the new y will still be feasible. Thus for every e € K such that y* > x, and y* cannot 
be reduced any further, there exists (ii,i 2 ) Q (-^ 5^)1 which y{Yi,Yi) = /(Vj, Vj), and 
C6l2. 

Let (C, D) denote the union of all such sets. Then y{C, D) = f{C, D) and for all e 6 K 
such that y* > Xg, e € D. 

By definition, {A,B) and (C,£)) are non-cancelling and 

y (( A, B) U (C, !>)) = /(( A, B) U (C, P)) = /( A U C, B U D). 

Also 

yiX,Y) = y{AUC,BUD)-^y{X/{AUC),Y/{BUD)) 

= /(AUC,BUB)-f-x(X/(AuC7),y/(BuD)). 

This implies that the left hand side maximum value is greater than or equal to the right 
hand side minimum value. Hence the equality of the left hand and right hand side values. 

We see from the equality for y{X, Y), that in case / is integer valued, y is an integer 
combination of {xg : e € E} U { 1 }. Hence the theorem. □ 

An immediate consequence of this theorem is the solution of the membership problem 
for Vf. 

Membership problem. 

Given x € R" and a bisubmodular polyhedron does x € P/ ? 

Let yo be the maximizing vector of the left hand side of (4.5.1), where (X, Y) is defined 
as in theorem (4.5.1), and (Ao,Bo) the minimizing diset of right hand side of (4.5.1). 

Then 

yo(X, Y) = /(Ao, Bo) + x(X/Ao, K/Bo). 


/(Ao, Bo) -h x(X/Ao, y/Bo) < x(X, Y) = f^ \x,\, 


In case 
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f{Ao,Bo)<x{Ao,Bo). 

Hence x ^Vj. 

But if yo{X,Y) = x{X^Y), this implies yo = x, since yo -< x. Therefore x € P/. 

In case Tf is the pseudomatroid polyhedron, the min-max theorem will require x € 
and in this case X = E, Y = (f> and our theorem will reduce to the min-max theorem for 
pseudomatroid polyhedron proved in [12]. 

Bisubmodular function minimization. 


BFMP : min f(X), 

where / is bisubmodular on D{E). 

Bisubmodular separation problem is : 

BSP : Given x* € Si", does x € P/ ? If not, find X € D{E) such that the violation of 

< /(^) is maximized. 

Define another diset function g on D(E) by 

g{X) = f{X)-^x*{X). 

It can be easily shown that g is bisubmodular. 

Theorem 4.5.2 The following two statements are equivalent. 

1. X* is the minimizing diset for BFMP. 

2. For the separation problem BSP, with respect to Vg and x* € SJ", > 3(^*) i® 

a most violated inequality. 

Proof. Let X* be an optimal solution for BFMP. 

f{X*) < /(F), for all F € D{E) 
mg{X*)-x*{X) < y(F)-x*(F). 


c 4* 
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The first inequality is equivalent to (1) and second inequality to (2). □ 

In [2] a finite algorithm though not polynomial, for determining membership in a polyma- 
troid is given. Since it has been shown for the bisubmodular polyhedron P/, that the number 
of adjacent extreme points to a given extreme point is of 0{\B\'^) and theorems (4.4.2) and 
(4.4.3) give formulae for obtaining these adjacent extreme points, it should be possible to 
extend the algorithm in [2] to the bisubmodular polyhedron P/, provided a starting feasible 
solution to the left hand side of (4.5.1) can be easily obtained. But obtaining a starting 
feasible solution appears to be as difficult as the membership problem. 

In [43], Qi has defined the Lovasz extension / of a bisubmodular function / on D{E), 
with <f>) = 0. He then shows that. 


min{/(X) : X € D{E)} = min{/(«) : « € [-1,+1]'®>}. 


Algorithm of Judin and Nemirorskii can be applied to the right hand side problem to obtain 
the minimizing X 6 D{E) in polynomial time. However, computationally the algorithm is 
not very attractive. 

In [50], a pseudo-polynomial algorithm for deciding membership in submodular polyhedra 
is given. In fact the author claims, that the algorithm is applicable to all other polyhedra 
over which optimization may be done easily. Since the greedy algorithm applies to the 
bisubmodular polyhedra this algorithm should work. Hence a pseudo-polynomial algorithm 
for minimizing a bisubmodular function exists. 

A special case of the membership problem for the bisubmodular polyhedron is the mem- 
bership problem for the ditroid polyhedron. Since adjacency on the ditroid polyhedron 
is fully characterized an attempt was made to extend Cunningham’s algorithm in [9] for 
the ditroid polyhedron membership. Here also, obtaining a starting feasible y as a convex 
combination of the extreme points of the ditroid polyhedron does not seem to be easy. 
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4.6 Conclusions 

It should be possible to extend much more of the matroid theory to ditroids. Also because 
of lack of time not much work could be done on greedy systems, which have been introduced 
in this thesis. 

Apart from an ellipsoidal algorithm for minimizing a submodular function, the other 
algorithm are either just finite [2] or pseudo polynomial. Here in this thesis, we have only 
indicated that the pseudo polynomial algorithm in [50] could be extended for membership 
problem for a bisubmodular polyhedron and hence for minimizing a bisubmodular function. 
It should be possible to exploit the polyhedral structure of the bisubmodular polyhedron 
and construct a polynomial time algorithm for the corresponding membership problem 

Construction of monotone paths on the bisubmodular polyhedron will be a worth con- 
sidering problem. 

Another problem worth mentioning is, what kind of single constraint can be added to 
the LPP with respect to a bisubmodular polyhedron so that integrality property and also 
the greediness property is maintained. 
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